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Schedule  of  talks 

(M  talks  given  in  Student  Senate  Chambers) 

Thursday,  October  3 

1 :30  -  2:00  Slgn-tm Registration 

2:00  -  2:05  Welcoming  Remarks  by  R.D.  Ringeisen,  S.T.  Hedetniemi,  and  Dr.  Bobby 

Wixson,  Dean  of  College  of  Sciences 


2:05  -  2:50  Mare  J.  LIpman,  Office  of  Naval  Research 

Mathematical  Science  Division,  Arlington,  VA 

"Sphere-oMnfluence  Graphs" 

An  introduction  to  a  class  of  geometrically  defined  objects,  sphere-of-influence 
graphs  (SIGs),  used  by  the  computer  vision  community  to  capture  Ae  low-level 
perceptual  structure  of  a  scene,  that  is,  for  pattern  recognition.  The 
mathematics  of  SIGs  isn't  yet  mature. 


2-55  -  3:35  Roger  Entringer,  University  of  New  Mexico 

Dept,  of  Mathematics,  Albuquerque,  NM 

"Two  Extremal  Problems  In  Graph  Theory" 

Two  specific  instances  of  the  following  general  problems  are  addressed: 

(i)  How  many  edges  can  a  graph  G  of  order  n  have  if  G  must  have  a  specific 
property? 

(ii)  If  G  is  to  have  order  n  and  a  given  number  of  edges,  how  are  the  edges 
arranged  if  a  specific  property  must  be  optimized? 

The  instance  of  the  second  problem  involves  an  attempt  to  shorten  delivery 
time  by  the  USPS. 
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3:35  -  4:00 


BREAK 
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4:00  -  4:40 


Edward  R.  Schelneman.  Johns  Hopkins  University 
Department  of  Mathematical  Sciences.  Baltimore.  MD 


"Containment  Orders  and  Planar  Graphs" 

We  will  explore  interesting  relationships  between  the  worlds  of  partially 
ordered  sets  (especially  containment  orders)  and  planar  graphs. 


Given  any  graph  G  =  (V,  E),  let  its  vertex-edge  incidence  order,  P(G),  be  the 
partially  ordered  set  whose  ground  set  is  V  U  E  tog^r  with  relations  u<c 
^Mtly  when  p  e  V,  e  e  E,  and  c  is  an  end  point  of  e.  What  graph  properties  of 
G  can  we  deduce  from  poset  properties  of  P(G)7 


In  this  talk  we  will  focus  on  order  theoretic  properties  of  P(G)  which  out 
S  e^ufvdit  to  G  being  planar.  We  wiU  phr^  these  properties  in  terms 
of  geometric  containment  orders,  which  we  now  defme. 

Given  a  family  S  of  objects,  we  call  a  partially  order^  set  P  =  (X,  a  Z- 
order  provided  we  can  assign  to  each  x e  X,  an  element  e  Z,  so  that  x^y 
S  £  S  .  In  particular,  if  Z  is  the  set  of  disks  (circles  with  their  interiors)  in 
the  plane,  then  Z-orders  are  also  known  as  circle  orders. 

We  will  discuss  a  number  of  results,  all  of  which  have  the  following  flavor. 


Theorem.  A  graph  G  is  planar  if  and  only  if  its  vertex-edge  incidence  order, 
P(G),  is  a  circle  order.D 

Some  of  the  theorems  to  be  presented  include  joint  work  with  Graham 
Brightwell,  Ann  Trenk  and  Daniel  UUman. 


4:45  -  5:25 


Jean  R.S.  Blair.  University  of  Tennessee 
Dept,  of  Computer  Science.  Knoxville,  TN 


"On  Finding  Transmitter-Receiver  Matchings" 

The  oroblem  of  finding  a  maximum  transmitter-reciever  matching  (TRM)  in 
S^SSSSon  Xorks  is  addresssd.  HIM  r^lns  for 

networks  whose  topologies  correspond  to  chordal  graphs.  We  ^dress  the 
problem  for  a  subclass  of  chordal  graphs,  namely  those  grapte  whose  clique 
Saphs  are  acycUc.  Using  several  interesting  properties  of  these  graphs,  we 
de>dse  a  Unear  time  algorithm  to  solve  the  problem. 


7:30 


Social,  Jordan  Room 
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8:30  -  9:10  J.  Chris  Fisher.  University  of  Regina,  Canada 

(Visiting  Clemson  University,  Dept,  of  Math.  Sci.) 

The  Jamison  Method  In  Galois  Geometries” 

In  a  fundamental  paper  Robert  E.  Jamison  showed,  among  other  things,  that 
any  subset  of  the  points  of  AG(2,q)  -  the  affine  plane  of  order  q  -  that 
intersects  all  lines  contains  at  least  2q-l  points.  Here  I  shall  discuss  my  recent 
work  with  Aiden  Bruen  in  which  we  show  that  Jamison's  method  of  proof  can 
be  applied  to  several  other  basic  problems  in  finite  geometries  of  a  varied 
native.  These  problems  include  the  celebrated  flock  theorem  and  also  the 
characterization  of  the  elements  of  GF(q)  as  a  set  of  squares  in  GF(q2)  with 
certain  properties.  This  last  result,  due  to  A.  Blokhuis,  settled  an  important 
conjecture  due  to  J.H.  van  Lint  and  the  late  J.  MacWilliams. 


9:15  -  9:55  Fred  S.  Roberts.  Rutgers  University 

Dept,  of  Mathematics.  Center  of  Operations  Research  (RUTCOR),  and 
Center  for  Discrete  Mathematics  and  Theoreticai  Compter  Science  (DiMACS) 
New  Brunswick,  NJ 

"Elementary,  Sub-FIbonaccI,  Regular,  Van  Ller  and  Other  Interesting 
Sequences” 

In  the  past  five  years,  problems  of  the  uniqueness  of  scales  of  measurement 
have  been  giving  rise  to  a  variety  of  interesting  sequences  of  positive  integers 
with  fascinating  combinatorial  properties.  Examples  of  such  sequences  are  all 
non-decreasing  sequences  of  positive  integers  xj,  X2, ...,  x^  so  that  xj  ®  X2  =  1. 
Such  a  sequence  is  called  elementary  if  all  k  S  n,  xj^  >  1  implies  that  xj^  =  xj  + 
Xj  for  some  i  ^  j.  It  is  called  sub-Fibonacci  if  ^  x^-i  +  xy^.2,  k  =  3, 4, ...  It  is 

called  regular  if  xj  S xj,  j  =  3, 4, ...  A  regular  sequence  is  called  Van  tier 
if  for  all  j  <  k  S  n,  there  is  a  subset  A  of  {1, 2, ...,  n)  with  j  not  in  A  and  x^  - 
Xj  js  Xjg  ^  XJ.  We  discuss  these  and  other  sequences  and  some  of  their 
combinatorial  properties. 

9:55  -  10:20  BREAK 

1 0:20  -  1 1 :00  Michael  S.  Jacobson.  University  of  Louisviiie 
Department  of  Mathematics.  Louisviiie,  KY 

"Generating  k>element  Subsets  of  an  n-element  Set” 

In  this  talk,  a  generalization  of  the  idea  of  De  Bruijn  graphs  will  be  used  to 

establish  sequences  which  generate  all  k-element  subsets  of  an  n-element  set.  In 
tile  case  when  n  is  odd,  by  using  a  result  of  Good,  these  sequences  are  shown  to 
exist  When  n  is  even,  the  technique  shown  will  not  g^erate  an  appropriate 
sequence.  In  fact  the  generalized  De  Bruijn  graph  is  disconnected,  and  by  a 
uiUque  application  of  Polya’s  Theorem,  the  number  of  components  of  this  graph 
is  calculated. 
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11:05  -  11:45 


£,  Rodney  Canfield,  University  of  Geo^ia 
Dept,  of  Computer  Science.  Cherts,  GA 


"Matchings  In  the  Partition  Lattice" 

T  r  1  u,.  (1  2  «l  A  vartition  of  [n]  is  a  set  of  nonempty,  pairwse 

Li,,  whose 

rJnement  of  partition  ^r2,  denoted  jri  ^  provided  each  block  of  ;ri  is 
contained  in  a  block  of  Under  this  ordering  the  set  of  partitions  P n 

lattice.  The  subcoUection  of  partitions  P„;tS  P„  which  ^ 

1.  oishr,  c/»i  H  the  Stirline  number  of  tiie  second  kind.  The  Stirling 

IS- o'  0»>'"Fr”S  Pn  into  ^ 

"(».  K„)  in  nun^«r.  Sfn.  K„)  being  naaxt  Sfn, 
for  what  Jk  is  it  possible  to  find  a  matchmg  of  P„,fc  mto  P„  fcii  ?  s 

find  a  one-toKinrfunction  0  from  P„,|t  into  P„,  fcfl  with  the  property  that  « 
«nd  0  fir)  are  comparable  under  the  refinement  relation  "5”. 


LUNCH 


1:15  -  1:55 


Ronald  C.  Read,  University  of  Waterloo 

Dept,  of  Combinatorics  and  Optimization.  Ontario.  Canada 

"Algorithms  for  Small  Graphs" 

used  for  large  graphs. 

My  talh  describes  some  of  this  work.  We  shah  ^  what  graph  theory 
aleorithms  look  like  through  the  wrong  end  of  the  telescope. 


2:00  -  2:40 


Nathaniel  Dean.  Bellcore 
Morristown.  NJ 


haracterlzatlon  of  Generalized  Blcrltlcal  Graphs" 

iph  with  a  perfect  matching. 


2:40  -  3:00 


BREAK 
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3  00  -  3:40  Joseph  Straight.  SUNY  at  Fredonia 

Dept,  of  Mathematics  and  Computer  Science.  Fredonia.  NY 

"Extremal  Problems  Involving  Neighborhood  Numbers  and  Other 
Parameters" 

Given  a  simple  graph  G  =  (V.E),  a  subset  S  of  V  is  called  a  neighborhood  set 
provided  G  is  the  union  of  the  subgraphs  induced  by  the  closed  neighborhoods 
of  the  vertices  in  S.  The  minimum  and  maximum  cardinalities  among  all 
minimal  neighborhood  sets  of  G  are  denoted  by  n(G)  and  N(C),  respectively; 
n(G)  is  call  the  neighborhood  number  of  G.  It  is  known,  for  instance,  that  y(G) 
S  n(G)  i  a(G),  where  y(G)  and  afG)  are  the  (vertex)  domination  and  covering 
numbers,  respectively. 

My  colleague,  Y.H.  Harris  Kwong,  and  I  have  been  investigating  the  problem 
of  finHing  the  maximum  neig)iborhood  number  n(p)  among  all  connected  graphs 
of  order  p.  CXu  work  so  far  has  lead  us  to  conjecture  that 

H(p)^I9p/13] 

a  result  that  holds  for  2  5  p  ^  15.  I  will  report  on  this  work  and,  as  time 

E limits,  a  number  of  other  extremal  problems,  including  some  recent  work  of 
avid  K  Gamick,  Kwong,  and  Fdix  Lazebnik  on  the  maximum  number  of  edges 
among  all  graphs  of  order  p  having  girth  at  least  5. 


3:45  -  4:25  Andrzej  Ructnskl.  Emory  University 

Dept,  of  Mathematics  and  Computer  Science.  Atlanta.  GA 

"Random  Graph  Processes  with  Degree  Restrictions" 

Suppose  that  a  process  begins  with  n  isolated  vertices,  to  which  edges  are 
added  randomly  one  by  one  so  that  the  maximum  degree  of  the  induced  graph 
is  always  bounded  above  by  d.  We  prove  that  if  n  approaches  infinity  with 
d  fixed,  then  with  probabiUty  tending  to  1,  the  final  result  of  this  process  is  a 
graph  with  Ind/2]  edges.  For  d  =  2,  the  number  of  1-cycles  in  this  graph  is 
shown  to  be  as)rmptotically  Poisson  (1  >  2). 


"Sphere-of-Influence  Graphs” 


Marc  J,  Lipman,  Office  of  Naval  Research 
Mathematical  Science  Division,  Arlington,  VA 
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"Two  Extremal  Problems  in  Graph  Theory" 


Roger  Entringer,  University  of  New  Mexico 
Department  of  Mathematics,  Albuquerque,  NM 


unavoidaule  suugkaphs  of  sparse  graphs 


C.A  Barefoot 

New  Mexico  Institute  of  Mining  &  Technology 
Socorro,  New  Mexico  S7801,  USA 


AJ  Depew*.  L.H.  Clark**,  R.C.  Entiinger.  A.A.  Kooshesh 
■  ^  andLAL.S26kely*»**  ,  „  „ 

University  of  New  Mexico,  Albuquerque,  NM  87 1 3 1 ,  US  A 


•  Probably  in  the  Cayman  Islands  by  now. 

••  Present  Department  of  Mathematics 

address;  Southern  Illinois  University 

Carbondale,  IL  62901 

*♦*  Should  complete  PhD  in  Computer  Science  this  year  - 
needs  a  job. 

•••  Permanent  Department  of  Computer  Science 

•  address:  Ebtv’bs  Lordnd  University 

'H- 1088  Budapest 
HUNGARY 


Q.  How  many  edges  can  a  graph  of  order  n  have  if  it  doesn’t 
contain  a  hamilton  cycle? 

A.  (Ore  1961)  ^"~’j+l. 

Q.  WTiat  graphs  have  this  many  edges  but  don't  contain  a 
hamilton  cycle? 

A.  K,.,  with  a  pendant  vertex,  n  ^  5. 


Let  P(n)  be  a  property  enjoyed  by  A',. 


Generic  Exiremal  Problem:  Determine  the  n~\imum  number 
of  edges,  c.v(« ;?(«)),  a  graph  of  order  n  can  have  if  it  doesn't 
satisfy  property  P{n). 


The  graphs  of  order  n  that  have  f.v(n;P(n))  edges  but  do  not  sat¬ 
isfy  property  P(;j)  are  called  the  cxtiemal  giapla  for /'(n). 

X 


Q.  How  many  edges  can  a  graph  of  order  n  have  if  it  doesn  t 
contain  any  cycle? 

A.  n-1. 


the  graph  F.  We  define  the  subdMsior, 

ae  the  maximum  number  f  suWaph. 

an  have  without  containing  a  subdivision  of  F  as  a  subgrapn 


Q.  What  graphs  have  this  many  edges  but  don't  contain  a 
cycle? 

A.  Trees. 


We  denote  by  £X{/i  'J^S)  the  family  of  those 
that  have  ex(n  F5)  edges  and  do  not  coniam  a 


graphs  of  order  n 
subdivision  of  F 


Q.  How  many  edges  can  a  graph  of  order  n  have  if  it  doesn't 
contain  a  subdivision  of  /f*? 

A.  «:(n;F*S)  =  2n-3. 

Q.  How  many  edges  can  a  graph  of  order  n  have  if  it  doesn't 
contain  a  subdivision  of  K$i 


A  result  of  Mader  shows  that  for  any  graph  F  there  is  a  con¬ 
stant.  Cf,  such  that  ex{n\FS)  S  c,<i. 

Theorem  (Mader  1967).  If  a  graph  has  order  n  and  size 

^^'kn  then  it  contains  a  subdivision  afKi,i. 


Conjecture  (Dirac  1964)  c.vf/i’.A'jS) «  3n  - 6. 


3 


oo 

Theorem. (Erd6s and Msa  1965)  «(n/S)  =  3«-6.  Cisin 
EX[n-/S)iffC  »A',+A'..}. 


j2n-2.  /i*l 

Theorem. (BCDES)  «(n/5)=  2„_ 3,  n^l  mod3‘ 

C  is  ill  £X(n-/SA)  iff  ever)'  bhck  ofC.  »W;/i  at  most  one  excep¬ 
tion.  B.  is  isomorphic  to  h\  end  B^K,*K,orB=  Aj.,  or 
£  =  A'j  X  A'j  or  B  is  the  m  arly  3-i  C£ular  £raph  of  order  5. 


Problem.  Find  all  graphs  with  subdivision  threshold  less  than 

i  3n-6. 

i 

t 

j 

1  propertiesoff  when«  (n/S)<3n-6: 

:  (I)  is[F)<6. 

(ii)  F  has  at  most  one  vertex  with  degree  i  6. 

(iii)  F  has  at  most  rv\-o  vertices  with  degrees  i  5. 

(iv)  F  is  planar. 

(v)  IfF  is  connecii  d,  tin  r.  ii  has  order  i  7. 

(vi)  If  F  is  2-conntctcd,tl.i  nil  has  O!  derail. 

'  (vii)  F  is  a  subgtaph  of  Ki-‘rK,.y 


Certain  subgraphs  of 


ode  is  A'}  or  Kyy 


4  pendant  vertices. 

Candidates  for  graphs  C  satisfying  f*(n/5) <  3"  ”  6- 


,rem.  (Kntsenstjema.Harstrom|ndToft  _ 

•/5A)-2n-3.  C  isinEXln:FSR)iffG  'sat-^i 


1 
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MINlMl'Nt  TRANSMISSION  SPANNING  TREES 


w/Kevin  Bums 


Universit>’ of  Ne  w  Mexico 

Albuquerque,  NM  b7 131.  UNA 


Theorem.  (ErdOs  and  Msa  1965)  eA  (n;f5)  =  3n -6-  C  is 


Theorem.  (BCDEKS)  «(n/SA)  =  3/. -6.  G  is  in 

EX{n-fSR)iffC  =  Ki*K..y 


g  3  4  4  7  Squin'el.  Idaho 
3  3  4  4  7  Del  Ray  Beach.  Florida 


nf  » tree  T  is  the  number  of  paths  in 


The  transmission,  o(v),  of  a  vertex  v  in  a  connected  graph  C  is 
the  sum  of  the  distances  from  v  to  each  of  the  remaining  vertices 
ofC. 


is  10  s  1!  ir 


.9  11  s 


-j-p- 


The  transmission  of  a  graph  C  is  defined  by 
0(C)  =  J  Z  o(v) 

2  r  •  UC) 


S,poserhasordernand^t.e  benches  ofratvhave. 

ed£es.lS.5t.(*°'hat_Z".-«-«‘»‘'"^ 


Observation. 


i(r)  =  a(T)- 


(since  a  path  joining  u  and  v  contributes  1  to  the  load  of  each  of 
d(M,v)-l  vertices.) 


The  transmission  center  of  a  graph  is  the  set  of  vertices  with 
minimum  transmission  and  consist  of  one  vertex  or  wo  adjacent 
vertices.  The  transmission  center  is  the  centroid  (ZeluiKa). 


Theorem.  Of  all  trees  of  order  n  with  exactly  k  end  vertices, 
Sin,k)  iias  minimum  transmission. 


Thtorem.  Of  all  trees  of  order  n  with  exactly  k  auS  vertices, 
Din,k)  has  truiximum  transmission. 


Question.  WTust  fraction  of  the  vertices  of  a  tree 

In  particular,  does  thtsfraetton  tend  to  0? 


Problem.  Given  a  connected  graph  find  a  spanning  tree  with 
minimum  transmission.  For  example.find  a  spanning  tree  ofQ. 
with  minimum  transmission. 


Theorem.  Let  C  be  a  k-partite  graph  with  smallest  port  H .  The 

suannine  tree  of  C  with  minimum  transmission  contains  tn'o 

*  _ _ ^11  Af  Im  tn  H  . 


Question.  Whatfraaion  of  the  vertices  of  a  tree  of  order  n  can 
have  a  relatively  maximum  load? 


COLORADO 


Containment  Orders  and  Planar  Graphs'* 


Edward  R.  Scheinerman,  Johns  Hopkins  University 
Department  of  Mathematical  Sciences,  Baltimore,  MD 


EJiiiihl  Si  haiiciviiiii 

Jdiii' ll’-;  I'lii.tiJii) 


OvtrvkvJ 

34  Circle  Orders,  and  their  relatives 
S4  Building  Posets  from  Graphs 
3-r  Graph  Planarity  <=>  Poset  Propertie 

“Triangle”  Orders 
Circle  Orders 
Poinl-Halfspace  Oi  ders 
Non-Planar  Commeiils 

m  Planar  Maps  &  Circle  Orders 
3-1  The  Circle  Order  Problem 


j- 


Definitions.** 

Let  Pbe  a  finite  poset. 

We  call  Pa 

provided  we  can  assign  to  each  xe  P 
a 

so  that  X  <  y  iff 


P 


circle  order 

cii'cle  C3. 

C.cC, 


X 


3 


parabola  order 


parabola  (upwards,  filled) 


space-time'''  order 


“event”  in  space-time* 

P^  precedes  Py 


RS2PD'^  order 

real,  symmetric,  2-by-2  matrix  M^. 

My- is  positive 

(semi)  definite 


'  i'.vc  space  courdinaics,  fr.c  UiVi;  ..oordinaie 


Whafs  the  connection? 

Theorem.  The  following  statements  about  a  finite 
poset  Pare  equivalent: 

•  Pis  a  circle  order 

•  Pis  a  space* -time 

•  P  is  a  parabola  order 

•  Pis  a  RS2PD  order 

•  two  space  coordinates 

Theorem.  The  following  statements  about  a  finite 
poset  Pare  equivalent: 

•  Pis  a  sphere  order 

•  Pis  a  space*-time 

•  Pisa  H2PD  order 

•  ihrce  space  cooidiTi-Mes 


Bin!  Both  swianeiits  arc  false  for 


•  real,  sjir.meiric.  two-by-two  rosiii\e  n-atru;  ord.f 

(also,  H:PD  -  complex  Hermiiian,  i-.vo-by-fAO  pos.iive  dc-.jme  n-nu.  ^ 


Why  it  works 

(Q/L  Orders) 


What  can  you  deduce 
about  graph  properties 
of  G  from  order 
properties  of  P(G)? 


Posets  from  Graphs 


Theorem:  A  graph  G  is 
planar  iff  P(G)  is  a  circle 

order.  [Scheinennan] 


Key  Ideas  in  the  Proof 

(continued) 


#•2  Thurston’s  Theorem. 

Every  planar  graph  has  a  representation  by 
disks  in  the  plane... 


G  planar  P(G)  is  a  circle  ordt 


•  Form  Thurston  circles  for  G.  These  will  be 
the  circles  for  VCG). 

•  Points  of  tangency  will  be  the  circles  (of 
radius  0)  for  E(G). 

•  Notice:  Evei7  edge  circle  is  contained  in 
exactly  its  endpoints’  circles. 


G  planar  «=  P(G)  is  a  circle  oidei 

Draw  the  dual  of  PCG)  as  a  circle  order... 


"Why  2-step  paths  might  be  needed 


^3 


...and  this  v.ill  give 
an  embedding  of  G 
in  the  plane! 

CirdelSpheic  Orders  at  their  extreme... 

Point-Halfspace  Orders 

A  “bipartite”  poset  is  called  a 
poiut-hcilfspcice  order  if 


Theorem.  Lei  G  be  a  graph.  P(G)  is  a  poini-halfspace 
order  in  if  and  only  if  G  is  planar  or  Kj. 

I 


Summary 


% 

\ 


For  any  graph  G.. 


P(G)  is  a  circle  order 


G  is  planar 


P(G)  is  a 
triangle*  order 


P(G)  is  a  poinl-halfspace  order 


What  about  uoii-planar  graphs? 


Theorem.  If  G  is  any  graph, 
then  P(G)  is  a  sphere  order. 

^  '  iSclifii'tnnan] 


Corollary.  Let  G  be  a  graph.  The 
least  d  such  that  G  embeds  in  K 
equals  the  least  d  such  that  P(G)  is 
representable  by  balls  in 


Theorem.  If  G  is  any  graph, 
then  P(G)  is  a  point-halfspace 
01  del  il^  I^  • _ 


♦Equilateral  triangle'  with  bottom  parillel  to 
x-8xis.  (Equivalent  to  dim  P  S  ?•) 


in—  Note;  PCG)  can  liave 
tiibiirarily  Ihgli  posel 
dimension. 


PlanaO?Lap 

(bounded  faces  only) 


Double  Thurston  Theorem 


Adjusting  Time  & 
Circles  of  Negative 
Radius 


51' 


Why  P(M)  is  a  circle  order 


V' 


EJge  Circle. 
Zero  Radius 


Jf 

f  i/t’/  / 


V 

Vx 


11 

hi'i 


if/.'  /i 


7  I  /  /i 

'ml  h 


4wwi 


A  Conjecture  of  Tutte... 

Let  G  be  a  3-connected  ganaj  gaj)h^ 


TOlat  about  the 
unbounded  faces? 


Foi*  example... 


m/- 


P^(M) 


0 11.2.3.4). 

2  IS  not  a 

circle  order  (Jamison), 

wliich  implies  P  (M) 

is  not  a  circle  ordei*. 


Theorem.  If  M  is  a  3-connected  planar 
map,  then  P^(M)  is  a  “cap  order”. 

(Bhcht^’ell  &  Scheinensan) 


Note:  P*(M)  is  the  face  lattice  of  a  convex 

3 

polyhedra  in  R  . 


"On  Finding  Transmitter-Receiver  Matchings" 


Jean  R.S.  Blair,  University  of  Tennessee 
Department  of  Computer  Science,  Knoxville,  TN 


Gn  Flnclir\^ 


Tr(xn5rrt‘v^0C  "  Receiver  fAo^chir>q^ 


Jc&r.  P..S.'E^cir'*^ 
UnwersJ^  cP  Tarr^sses 

and 

S.S.Ro.v!^ 

5uKlV  ci-  ftVVsaA^ 


^  Psrhens  cC-tKi's  rcseofcK  wan  pArmed  of 
£c::rfi=  £cc.*frv  ^  Co.14  ^^’.dcS 

J  L'^^,  DE-hC^e-iORilWoO  W.-H. 


or  _  . 
HVcj^'rk 


^  \jro^  •.-— 

?ir  itttc.  Eni-f^J 


♦  5ocm(+ecl  \r.  port  bu  WSF  Gc«/fe  CCl- 84.0^31?  ^ 
,C<lK^t?05a94.  . 


-r,,^c>v,:ttrr  rAcWr'ln^ 


I 

troa.\:  -to  test  1='"^ 

Cl6  pat&'Wft 

i 

Cof'S^FOir^^s  ■•  j 


0^  a  reccluer  Qi  -tt^a  swf« 
Uoo  af  rnbtt 

.1.  M.B  &on«  fcrttt  UtrtrTttT 


K^.■■,r^  ga...Hs  ■C'-  nroph  ,^ocVr>-^ 


NP*  Complete  fcr  ! 

d.%™.  3 1-“*~’''-'^'"^' 

-  Bip^K  G«(W 
-•  Cl>«M  S-oph5 1”“ 


Linear Ti««e  M^ofi'Wr\ovs  for; 

-*  TretS 

-  l-Tftes  lc-b«m.Ft«»u«-»y4l 

-  AC-GrH*»5 

Q»«.Ara^C  Tima  A\^ocHWn  -rori 
!  -♦  Xn^rvol  Graphs 

I 


^  «*<“  ciy  'i'ofW  “^''^ 

.  r>s.v4l7  m  G 


-  -__x 


3 


fonplicts 

Lttnma  2.1  —  ot  on  KC  &rapV),G, 

belong  to  ot  toosV  +'uo 

TR- pairs? 

areJK*)  “* 

o?  "tl%e  «l^es  a<y^  Ty^wS  is  in  G 

Umma  a..a  -  Aokj  induced  sob^rop^  oF  on  ^C 
is  oJbo  (Xfl  G03l^H« 

1  • 

T  5 

interFermce  ai"  « 

-o— — ^S 

• 

r  R 

Umma  2.3  -  Evor^  leaf  cV«j,ue  Contolns  o*  Hast 
one  simp't  t‘ot  node. 

.  i 

Ed^es  * 

and  W,4i  OnPlict  iff  «W«f4  . 
orientoiion  cP  the  eJ^cs  re&jtB  in  ac 

Letntnft  a.H  ■*  Evertj  KC  Grofb  »s  chocdol. 

Lemma  3.S  -  Xio  distinct 

conWcb  iff  the  of 

oe\  Contains  a  3-c^le 

m  —  ^  U 

1  ! 

,  /■ 

1 

7 


? 


nripn^n-b^l''!-^ 

A  rr.a'tc'r.'inG  M  is  oricnfebie ,  iff  fner?  exis^'S  oo 
orieoxoiNoo  or  ^A  uitK  no  CarvFliCts. 

tA  —  (X  ma'i’chir^ 

-  -the  rxxks  tWxt  CotnpriSJ  N\ 

-  tbe  Sub^fopH  cP  6  ‘iGdttceti  of\  VU 

Lemma  2X-*  fA  i*  orientable  iff  G^^ 

CorrtaA  a  Cv^le  tM  uses  oa  es^  ia  N\. 

'  -  _ o  WoeVJ  cttops 

telort^"fe 


L«mma  an  -  Tf  no  pair  cf  edaes  in  iA|oonflict 
then  fA  is  efiertfobVe. 

CBo-th  resuHs  re^oire  -t+vii- G  be  cVrjrdalj^. 


^kgh-h  Alonrl^trL 

Wi4^  eaev^  cliq,oe  C,  store  Fws^WeRurCa) 

•'  (;r>Tha\  vatoe  <s  TKOt^ 

(Rnd  a  mooimem  cardindi^  oriedoy?  meich»<^3 
Unt^l  aW  nodes  have  been  remewd  -t^rm  G 
0)  eVoose  a  ioa?'  cli^ 

CO  PocsiyeBkirCCj^  \ 

C>eose  a  •ffertv  Cj 

retoov^c  G 

aet  Tbssiye^V  CCf^  “b  FAlS^ 

cbe  reraovfe  ^ 


ihe  erfocs 


Kir'A.c  -.n  n  QrirrvVnHr  rAa^eWio^ 

I  ii  --  I  X'C.-nVw  -for  cliauc  Ci  oxd 


Is  +f<je  ■• 


Lerma  3.3-  K 
at  tnosV.cne  node  W 


/O 


C^^cosvn^  a  ^oo^i  pdr" 

Lemma  3.1  Cb”)  no  maV^r  uaVni-  paV,  no  oHer 
n6<ics  ^n  Cf  Can  bclo(^-to 

Lemma  3.1  if  choose  aou  node  -JTBmCjriCp 
then  no  peufS  Cottc  ffwtv  Cp 

if  choose  -huo  node.s  fremCinC, 
then  no  other  nodes  c»ne  ■W^Cp 

SLa^  ‘oujo^  ■Sfom  Cp  Qs  Tn>jcbi  as  possible 

Lcmrnta  A3  J  at  leosb  one  sTmpKcIajl 
node  in  Cf 


II 


1^ 


*  Wr 


^Ka.r»'p\g  ~  «~1W:UE 

P«  coyrtojira  >1  y^w^CrWl  fiecig 


(gtmp'p  —  ‘Pos&yyePftirfctVTCuF 
Cl  coMa'ifxa  ong  _2j3glitlal_n£^ 


»3 


TCVo-TkiA 


Consiniet  C,(V,,£,)  (the  clique  graph  of  C) 

for  each  clique  Cj  do  PosMibUPairiCj)  •—  true 
while  Cf  eoniiini  two  or  more  node*  do 
a,  a  leaf  node  of  C, 

Cl  •-  the  corresponding  leaf  clique  of  G 
C,  the  clique  that  interseeu  C/ 

tffesittifeftiXOthen  _ 

-  a  simplicial  node  in  Cf 


OritnWK<nn_Sl<£ 

6»vtn  the  ocf  iA>  £Xr><i  6l^ 


b. 

c. 

d. 


C,  -  {x>  has.8 Jjimpjiglclfp.fe.tftfj 
y  —  t  limplicial  node_inJ^L;;;J^}l 


K> 

y  ^  ■  node  in  C  —  {^) 


‘ni 


ui.  Add  U  .r  I  ^ -  - - -  " 

W,  Delete  C,  O  f*  from  C  and  e,  from  C, 
y.  tf  tC,-P  I  ~  1  then  Delete  f,  fronq  Cc 


f  ^  {  all  nodes  in  C,  eicept  one  from 
eKh  Ci  n  and/etp) 

else  P  »-  0 

r>  «°*^ 


td.  Delete  the  simplicial  node*  of  Cj  fro  m  C 
vii.  Delete  Cj  from  C, 

If  C  is  not  empty  then  . 

,.l  simplicial  node  in  C'i  remaining  clique 

jjj  y  a  simplicial  node  distinct  from  *  in  C 
cJ  Addixo-lfoif 
OnenUh£edce^D!M^|sin^j£2S£Si 


ir 


AlGQr\g.ni. 

G)  Find  tVR  conncc+ed  Ccmponertte  oF  Gja 

r»oo-mc1CK»»>^  ^•rKo^vs  cinitfurcrcr 

&")  Pzrfocrn  Brwcl'tV\*Firs^"Seo-fcK  cn  ®>.cK 
CDmponeni  labeling  ncdes  oc^ocenf 
Itwdfi  opposi+t. 


t6' 


Linear  Time  Ptl3~TRV\ 

1.  findir^  tHe  trt  o?  Moxiiviol  eXi^oes  — sWuiarA  •Wr^'r-^oe; 

2.  cortstnjctif^ clu^ue  ^roph  "  oae  ©(  UlV\vO  »poce 

it  cafvrh'J^  oi'^cCMC^ 
li»te  In  ©Cwl+iel)  time 

5.  Fop  each  \eaf  cVw^C  choos®  cx  pair  one)  prone  G  ond.  Gc 

•  eoc'n  clique  «  *'ibe  leaf  ct^oe  at  most  once 

•  each  clV^ue  is  pruned  a&  o.  parerft 
I  at  most  once 


•  time  fetjjo'ired  -ba  process  a  Wif  civ^  ^«r 
a  parent  clV^e'i  is  ptorporhonol  -Vo  Fbe 
pointer  rf  nodes  in  -tKe  cUc^C 


i  ‘Since  G  is  on  kt-QPophjCoch  f^e  oP<S 

j  belsYt^s  -b  oi  most  ta>o  climes 
i.  oricni  tbe  ed^es.  Sn  lA  &>m\W  to  a-cdorin^  o. 

'  bipoJ-rte 


«7 


it 


pinn\  Rgm0.rV:g. 

TRIA  Fof  Chordol  Gr&pbs  i«'  NP-Comptete 


I 

j 

1  PgdgrrhinlnQ  iT  G  is  oo  KC-gropb 

j  a— w— g»M'  I  ■iff'.iitr^^ii'./.'.if.iiii‘v.i'i!i’';iit ;'it'ii.?'‘i‘.'ijr  » 

!  •  Let  G  be  a  chordal  i^noph* 

i  U+  Gc  be  it-j  c.li<^ue 

Properfu:  If  -there  is  a  cycle  in  Gc  then  -there 
is  Q.  node  *n  (a  -thoi  beloras  "te 
ai-  \eost  3  c.\i^ues.  > 

Lemma  Ah  Anu  node  oP  on  AC  oroph  6  beiorm 
!  i  -Ip  "odt-  rnost  2.  cliques. 


O')  Cbecia  for  choroii-Uj  op  G 

&)  -Find  rnootimol  ciiy^ues  o9 

O'l  cheeb  -to  sec  if  onu  nod< 

in 

G  betono^  io  rnore  -o^oLn  ! 

1 

Clir^oCS 

"bdvl-tlEO  time  • 

"The  Jamison  Method  in  Galois  Geometries" 


J.  Chris  Fisher,  University  of  Regina,  Canada 
Visiting  Clemson  University,  Department  of  Mathematical  Sciences 


Jm;sz>/U^6  Meri^i>T) 

jowt  isjf/e  ' Sjsws'Ay 


ine. 


_  .  (plPPin^ph. 


Pn. 


V  BlPCfcs.  THe  L\^e%  £>F  TT "  I 

For  e,Ocry  h'»<.  Jl^lT 

BL^>CtlA}/^  SfT  OF  TT 

yniiST  Cv/OrAjjj  /f-p 
pojJtFs  ^ 


CP.  ■.  ^ 

,  ,  (si^cc  e^ch  p^)r 

1  S  /  ■  C>f  /i^eeF ") 

OP  CoOken  F  Conflins  Kv  //>le  “) 

Is^l  =  ^ 

Yliede^  -for  prppF  '. 

(5}-P»eW  Oi.utoMp/ph^>*^  dF 

ye,^>o^  »i.'  r  ^ 

®M-  /.-aW+i) 


15^ 


Tfwof 

ft> 

src.0 1  ^  . 

TiVr  T/f^onS"^  ^ 

TMS,n>  ^ 

po/hfs  ir^  IT, 


efu  a/ 


w  ^  -.  A«  ^4-3 

£  cor^xxM  &  ,  -  I  I  r  ^  ? 

j»D,n.f|  U  t^Poj 

a^ms  Fotr)  P6  7r\?<9]  h^% 

of  k^f  ove  ^ 

Orre.Z€^F  ■ 


sre?  s-  ^ 

foRmt-^rs  THe  T/teoae/)?  to 

Terns  oP  fomsmu  om  &Hf 

L&’h  CjOWST  oP  TVt*^ 

Tr\^o\^F* 

^.'’2^*’'-;  di^/Us  jf,^'^ 

Or 

,  C-/  N 

JT  C^\Q.=i  *l>0  '2>  ®  '  ' 

/■  tv 


••  •  *  ip 

=  (g'f'i  ...  2‘''-'  ) 

"TXc  C4>£^/'>c/i>>r  0-P  "B  — 

Try  %  ^  5  ^f'-3 

^  e^A*»*>fr  >s 

•sa^  2  ‘ 

^2‘^-U,r-L  )a^-" 

fvo  Qm^)! 


/g* 


A  /$  <i^  Set^Co^ic.si^^fkrttA, 

Ci.ll  \iut  Tub  (poikfs  SJP>ttfn?. 

jT^e  '^^ock.  IS  UyteAr"  f^e.  ^ 

•W.€  C^id5  a! I  ^J^'fein  A  //k€  . 

7tc  TlfiCK  0973) 

;TATU/f^ 

tA).K  Orr  ^  eJj] 

Bsfif 

Sf&p  I  ^^f^rAse.. 

YroUdt  nc  splsrc  i^roM^c  Of 
[McvOO'T^d.  patifs)  crxfo  IT^  se^^ixj 
Tkt,  u^ntoCereJ  jxn'uh  to  O 

Xkt,  CJc/fKS  pr^^  arcJes 

TheK  %'*  ctrd^s  fb  ye.  anoint 

Hey  witst-  Ua^e  c^fer  O  fir.  a«o  > 


nrho  yinrk  Theorem. 

Given  an  elliptic  Q^a^ic  m  PGO.q) 

AND  A  SET  OF  q-1  DISJOINT  CONICS 

BUT  W 

POINTS  THEN  THE  q-1  PLANES  OF  THObb 
CONICS  MUST  CONTAIN  A  COMMON  LINE 
THAT  MISSES  THE  QUADRIC. 

pinkhiiis'g  Theorem. 

For  q  ODD,  IF  A  q-ELEMENT  SUBSET  OF 

c"Q(rO\  CONTAINING  0  AND  I  HAS  THE 
pSpk“  ™AT  THE  DIFFERENCE  OF 
TWO  OF  ITS  ELEMENTS  IS  A  SQUARE  OF 
GF(q^).  THEN  ms  GF(q). 


SdF  G;  s  2^  — a- -p 

C)ai/K! 

ft  C;  .=  zf''- ,  ;P/«)/a,.-o 


U-f 


ftef'Ats  v^Ji^rU[ 


S.ttp  %.  C^ilcufAfe ,  yr<.f'"ts  vrac 

7rC-,-7r(a’*^B*)  *  , 

^i^UA+t  firmj  >(Sjw)^->.)+; 

TT  =2"^  '  ^ 

it%.,  '  ■'  ■'  ■ 

If.  7TC^-Aj)  =2^’' 


4Act(fr>Z^f^  dtCtAain 


ar 
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MrtCTTHrMfVT  THEORY: 

the  THEORY  OF  MEASUTLEMENT  IS  CONCERNED  TOTH 
UNDERSTANDING  TEE  CONDITIONS  UNTER  W-HICH 

measurement  processes  take  place,  M'EAT  kinds  of 
SCALES  of  measurement  ONE  GETS,  AND  WHAT  KINTS  OF 
STATEMENTS  WT  CAN  MAKE  USLNG  SCALES  OF 
MEASUREMENT. 

mtic'-rfmft  TTirnRY  OTi  rOMPINATQMCS- 


IN  THE  PAST  FEW  YEARS,  PROBLEMS  OF  UNIQUENTSS 
OF  SCALES  OF  MEASUREMENT  HAVE  BEEN  GnTNG  RISE  TO 
A  variety  of  interesting  sequences  of  POSITnE 
integers  with  FASONATING  COMBINATORIAL  PROPERTIES. 


THIS  TALK: 

LN  this  talk.  1  MENTION  SUCH  SEQUENCES  AND 
DISCUSS  THEIR  COMBINATOREAl  PROPERTHIS.  BECAUSE  OF 
the  shortness  of  time.  1  CAN-NOT  DESCFJBE  THE 
MEASI-REMENT  theory  MOTD-ATION  EXCEPT  IN  ONE  CASE 
AN-D  I  SHALL  CONCENTRATE  ON  JUST  ONE  COMBINATORIAL 
PROBLEM:  COUNTING  THE  NlEiBER  OF  SEQUENCES  OF 
DIFFERENT  KINDS. 


-  J  - 

^j^rrTBFveES 

,URH  MARCUS-ROBERTS.  AN-D  ROBERTS.  -UNTQUE 

E  Deference  measurement.-  sum  i.  discil  math.. 
II),  »«-»«■ 

burn  ANE)  ODLYZKO.  -ONTQCE  SUBJECIIAT 

nTS*  J  RAMANUJAN  MATH.  SOC., 

babiuty  on  FiNEre  sets.  j. 

iM),  1-M-  ' 

BURN  ODLYZKO.  ANE)  ROBERTS.  TAVO-SIDED 
ERAUZED  FIBONACa  SEQUENCES.-  FIBONACQ  QUART.. 
IBM).  SSJ-Ml. 

jeabiuty  on  finite  sets,  j. 


.tin  AN-D  ROBERTS.  -ELEMENTARY 

bonacci  sequences.-  techmcal  report  «wi. 
3  CENTER. 

URN  AN-D  ROBERTS.  -l-N-IQUE  HN-ITE  CONJOINT 

criment.-  mate.  soc.sa..  i«  (»«)• 


.  4  • 

FISHBURN  AN-D  ROBERTS,  -UN-IQUEN-ESS  IN  FINITE 
measurement.-  in  P4.  ROBERTS  (ED.).  APPUCATIONS  OF 
COMBINATORICS  CRAFB  THEORY  TO  THE  BIOLOGICAL 
AN-D  SOCUL  SCIENCES,  IMA  VOL.  IT,  SPRINCER-AXRUO. 
NTW  YORK,  IMS,  lOJ-lSI.  (SURA^ 

FISHBURN.  ROBERTS.  AND  MARCUS-ROBERTS,  "VAN  UER 
SEQUENCES.-  DISCRETE  A7PE  MATH..  ST  (IW).  MS-SSO. 

VAN  UER,  L.  -A  SIMPLE  SUFFICIENT  CONDITION  FOR  THE 
UNIQUE  REFRESENTABIUTY  OF  A  FINTTE  QUAIITATIAX 
PROBABOITY  BY  A  PROBABILITY  MEASURE.-  J.  MATH. 
PSYCH.,  S3 
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THE  momsct 

F,.  F,.  - 

*•,  -  ''j  -  > 

Fjj  “  Fjj.j  +  F,{_2,  K  -  3.  4,  ~ 

Fj,  Fj.  „  IS  THE  SEQUENCE  1.  1.  3.  3.  *.  “■  •■• 

^TFVfrVTARY  SFOUFNCES 

MOTn’ATlON:  "EXTENS^T*  MEASUREMENT 

term  DJTRODUCED  by  FISHBURN  and  ROBERTS  (USS). 

VARIATION  ON  TEE  FIBOXACCl  SEQUENCE 

Xj.  Xj.  - 

POSITIVE.  NONDECREASING  INTEGER  SEQUENCE 
X  *  X  ■  1 

-  Xx  -  X,  +  Xj,  SOME  I  4  j. 

EX.AMPLES:  1.  1,  3,  3.  3,  $ 

1,  1,  I,  3,  3,  4,  6 

«  COLLECTION  OF  ALL  ELEMENTARY  SEQUENCES  OF 
LENGTH  N 


•mi  ^g^uuNCEs 

TERM  INTRODUCED  BY  FISHBURN  AND  ROBERTS  (1«S9) 

X,.  Xj,  - 

POSim'E.  NONDECREASING  INTEGER  SEQITNCE 
X,  -  X,  -  1 
*K  -  *K-1  *K-3 

^  m  COLLECTION  OF  SL-B-FIBONACQ  SEQUENCES  OF 
LENGTH  K. 

NOTE:  ^  t  Jii  for  all  N. 

BY  ENTMERATION,  ■  .F^  FOR  N  <  6. 

THE  SMALLEST  SUB-FIBONACCI  SEQUENCE  WHICH  IS  NOT 
ELEMENTARY  HAS  LENGTH  7:  1,  1.  3,  2.  <.  4.  7 

THIS  IS  NOT  ELEMENTARY  BECAUSE  7  IS  NOT  TEE  SUM 
OF  ANT  TWO  FFECEDING  TERMS.  (5.  HAS  SEVEN- 
SEQUENCES  NOT  IN  X.) 


TTirnBrM  msNRURN  ANT)  ROBERTS  IWlil' 

I,xl  - 

WHERE 

a  •  (I-f4S)/3  «  1AIS03  (THE  GOLDEN  SECTION) 

AND  0(1)  IS  A  FUNCTION  OF  N  THAT  APPROACHES  0 
AS  K  APPROACHES  m. 

rnomT  ARV:  THE  SAME  ESTIMATE  HOLDS  FOR 
WHERE  jj,  IS  THE  SL-BSET  OF  ^  N\-BOSE  ELEMENTS 
STRICTL-F  INCREASE  FROM  X  -  3  ON. 

nTTTATinN:  FIN'D  A  SIMILAR  RESULT  FOR  I  ^-l- 
THE  FOLLOWING  IS  KNOWN: 

TgrnTirM  fFlfgTWRN  AND  ROBERTS  ISEg):  * 


an-d  hence 

1  — 

0  AS  N 

•Mi*  : 

s. 

COUNTS: 

N:  3 

4 

5 

« 

7 

% 

0 

so 

11 

l%l  3 

4 

SO 

3S 

130 

5T« 

3433 

:43&4 

:S5T44 

l.’tl  3 

4 

SO 

31 

137 

711 

5s:i 

64049 

106:399 

l-’iil  > 

1 

7 

• 

37 

177 

les:- 

33009 

4U36S 

SO  IJjil 

DOES 

NOT 

EXCEED 

1^1 

i-Nia  N 

-  IS. 

prninAR  SEQUENCES 

MOTIN'ATION:  'SCEJECTIN-E  PROBABILITY’  MEASUREMENT 
INTRODUCED  BY:  HSHBL-RN  AND  0DIY7K0  I«8» 

X,.  Xj,  - 


POSTFIN-E.  NONDECREASING  INTEGER  SEQL-ENCE 

X,  -  X,  -  1 

J-I 

X,  <  E  X,  J  -  3,  4.  .. 

*  I-I  * 

EXAMPLES: 

N  -  3:  I,  1 
N  -  3:  1,  1.  1;  1.  1.  3 

N  -  4:  1,  1,  I.  I;  I.  I>  >•  3; 

1,  1,  3,  3;  I.  1.  3,  3; 

3>2{  "  THE  COLLECTION  OF  REGULAR  SEQUENCES  OF 
LENGTH  N. 


1,  1.  1.  3; 
1,  1.  3,  4 


TgrORFM  fntRPT-p.N  AN1'  r.nTV7V0  lOSSV 


N:  3 

l*sl  ‘ 


trvt  pct-ntS 

3  4  5  «  3  • 

}  6  37  133  23t0  4TM7 
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yfiV  iTfp  gpopgNCK 


tee  FOlLONnNG  THEOREM  MLl  BE  VSErn  UTER. 

SEOVENCE 

WTH  X  -Xj-l.  then  Xj.X,....  is  a  regular 
I'JcESrLoNEV.rORnTRV  .  THERE.  A 
SET  Si^l.^.-.^■)-^ 


FOR  EXAAIFIE,  IN  1.  >.  i- 
5  jS  1  +  1  AND  S  B  »  +  *■ 


n  IS  CLEAR  THAT  CONDITION  (+)  IKPUES  FiOL’LARITY 
rr  IMFUES  THAT  Xj  <  jij  Xr  tee  converse  IS 


MOTIVATION;  "SUBJECTIV'E  PROBABIUTY'  MEASUREMENT 
TERM  INTRODUCED  BY  VAN  UER  (IMS).  nSEBLTUN  ANT) 
ROBERTS  (196S),  FISEBURN.  ROBERTS,  ANT) 
MARCUS-ROBERTS  (1990) 

X,.  Xj.  ... 

POSITm:,  NO.NDECREASING  LNTEGER  SEOIENCE 
X,  -  -  1 

X  <  ^I*x,  J  -  J,  4.  _  (REGULAR  SEQUENCE) 

^  ■  I-l  ' 

A.ND 

W  <  K  <  N.  3  A  i  (1,  2.  ....  N)  S.T.  J  <  A  AND 

X„-X,  -  I  X,. 

X  4  l£A  ' 


EXAMPLE;  1,  I.  2,  4 


4  -  2  »  1  +  1 
4  -  1  -  1  +  2 


THE  FOLLOMTKG  RESJIIT  IS  QUITE  A  BIT  HARDER; 


EXAMPLE;  1,  1 


,  2.  ),  S,  E  (-  Fj,  Fj,  Fj,  Fj,  Fj,  F,) 


8-5-3,  8-3-5,  E-2-1  +  S,  8-1-2  + 

5-3-2.  ETC. 


rr  IS  EASY  TO  SEE  THAT  EVERY  INITIAL  SUBSEQUENCE  OF 
THE  FIBONACCT  SEQUENCE  IS  VAN  UER. 


N234S«7I 
I  l|f;-|  1  2  6  28  184  1529  21439 


jjj  ^  Ij;.,  LE..  EVERY  SUB-FIBONACCI  SEQUENCE  IS  VAN 


A  BASIC  STRUCTURAL  PROPERTY  TEAT  SEPARATES  VAN 
UER  SEQUENCES  FROM  REGULAR  SEQUENCES  IS  CALLED  A 


NOT  EVERY  REGULAR  SEQUENCE  IS  VAN  UER.  THE 
SMALLEST  REGULAR  SEQL-ENCE  M-HICH  IS  NOT  VAN  UER  IS 
1.  1,  2,  4,  S. 

5  -  2  IS  NOT  A  SUM  OF  TERMS  FROM  {1,  1.  4). 

-  THE  COLLECTION  OF  VAN  UER  SEQL^'CES  OF 
LENGTH  K. 


SL7POSE  Xj,  Xj,  ...  Xj;  IS  A  REGULAR  SEQUENCE.  WE 
SAY  THAT  rr  HAS  A  £&£  AT  Xj  IF 


J-1 

Xi.,  >  I  X.  +  1. 


FOR  INSTANCE.  CONSIDER  1,  1,  2.  3.  8. 


N;  FIND  AN  asymptotic  F0F_MLT.A  FOR 


THERE  IS  A  GAP  AT  X^  -  3  BECAUSE  8  >  (1  +  1  +  2} 


,-T;c-7rRN  AND  ROBERTS  ItLi):  l>s!/l*xl 


—  0  AS  K  —  ■ 


WE  HAVE  SHOWN  THAT  I  I^l/I  %l  S  *  ^OR  SOME 
CONSTANT  A  <  1  (A  -  0.9  SUFnCES). 


l£2a-  E'XRY  REGVUK  SEQUENCE  WITHOUT  CAPS  IS  A 
VAN  UER  SEQUENCE. 


-  »  - 
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jnrnurw  fn^RBlUN.  BOBrBT!!  AVn  M  4RrVS-flQ?EllIS 

I  owl:  SUPPOSE  Xj,  Xj .  X,{  IS  A  VAN  UER  SEQUENCE. 

THEN 


(1)  ENTRY  O.NE-TERM  EXTENSION  OF  Xj.  Xj .  X^.  TO 

A  REGULAR  SEQUENCE' IS  VAN  UER  IF  AND  ONLY  IF  Xj. 
Xj,  Xj,  has  no  gaps. 

(5)  IF  X,,  Xj .  X„  HAS  A  GAP  AT  Xj  AND 


WTH 

\t  ^ 

TEEN  Xj,  Xj .  X„,  Y  IS  A  ONE-TERM  REGULAR 

EXTENSION  WHICH  IS  NOT  VAN  UER. 

TYlMPtE:  1,  1,  5,  1,  t  IS  VAN  LIER  AND  THERE  IS  A  GAP 

AT  Xj  -  3.  TEEN  X,  -  0.  TAKE  T  -  S  AND 

Y.X,  +  T+  I  X,-3  +  5  +  0.l.  TEESEQl-ENCE 
^  I«J+3 

I,  I,  S.  3.  «.  6  IS  RXGCI-AR  ECT  NOT  VAN  UER.  (NOTE 
TE.AT  8  -  3  IS  NOT  A  Sl-M  OF  OTHER  TERMS.) 


nrr  tq  TBEom 

ONE  OF  THE  MOST  INTERESTING  PROBLEMS  IN  THE 
theory  of  measurement  CONCERNS  SlTJECm’E 
JUDGEMENTS  ABOUT  PROBABILITIES.  LET  >j,  BE  THE 
SET  OF  ELEMENTS  OF  THE  FINTTE  BOOLEAN  ALGEBRA 
CONSISTING  OF  AU  SUBSETS  OF  {1,  3,  N)-  SET  (I) 

IS  CALLED  AN  AI£2M  OF 

let  >  BE  a  BLNARY  RELATION  ON  "ITH  A  >  B 

interpreted  TO  MEAN  THAT  A  IS  JLTIGED 
Sl-BJECTI\’ELY  MORE  PROBABLE  THAN  B.  MX  SAY  A 
(HNITELY  ADDrmX)  PROBABIUDi-  ME-ASURE  P  on  ^ 
^OBFrS  MITH  >  ir 

A  >  B  IFF  P(A)  >  P(B) 

FOR  ALL  A,  B  IN  >j,.  IT  IS  A  LXRY  OLD  QLXSTION  OF 
MEASUREMENT  THEORY  TO  UNDE7.STAND  CONDITIONS  ON 
the  BINARY  RELATION  (.^.,  »  ITDER  MXICH  IT 
agrees  MTTH  some  PROBABILITY  MEASITIE.  THE 

measure  is  said  to  AGUrr,  UMOmi  it  it  is  tee  only 
agrehnc  probability  measure. 


-  IS  - 

NOTATION:  A  .  B  MEANS  THAT  NOT  A  >  B  AND  NOT 
B  >  A,  I.E.,  A  AND  B  ARE  JUDGED  SUBJECTIVELY 
EQUALLY  UKELY. 

rviAtPlF.  1:  SUPPOSE  N  -  4  AND  >  IS  DEFINED  BY 
THE  rOLLOMXNG: 

» 

(3)  -  (1.3) 

(4)  -  (1.3) 

(3,3)  -  (1,4) 

an  AGREEING  PROBABIUTV  MEASURE  IS  GIVEN  BY 

(•)P((1})  -  i/io-  TH’D  “ 

MTTH  THE  REST  OF  P  DEFINED  BY  FLNITE  ADDITIATTY. 
THIS  UNIQLTLY  AGREES  BECAUSE  IT  IS  TEE  UNIQUE 
SOLUTION  TO  IBE  SYSTEM  OF  EQUATIONS 

P((3))  -  P({I)1)  + 

P({4))  -  Wi))  +  TH’)) 

P(\3))  + 


-  18  - 

EXAAIPLE  3:  SUPPOSE  K  «  3  AND  P  IS  DEFINED  BY 
(3}  .  (1.3). 

THEN  ONE  ACREEINC  PROBABIUTY  MEASURE  IS  GI\XK  BY 

P((l))  .  1/6.  P{(3))  -  3/6,  P((3))  -  3/6. 

BUT  THIS  IS  NOT  UNTQUE,  SLNCE  A  SECONX  AGREEING 
PROBABIUTY'  MEASURE  IS  GIIXN  BY 

P({1))  .  3/10,  P((3))  -  3/10,  P((3))  -'S/IO. 

rYAAn»LF.  J.  SUPPOSE  N  •  3  AND  P  IS  DEFLNED  BY 

(1)  >  (»)• 

THEN  THERE  ARE  INnNTTELY  MANY  AGREEING 
PROBABIUTY  MEASLXES  P.  MTTH 

P((I})  •  «.  P({3))  -  1-0. 

FOR  ANY  a  MTTH  1  >  a  >  1/3. 


4 


^  .'S'c 

example.  WX  CA^  COMMON 

OP  POSITIVE 
cmSOR)  BY  MCITIPLVIN 

COMERSELY,  any  HNITE  ^  SEQLXNCE  OP 

iktegers  can  be  thought  oimdlng  each 

PKOBABIUT.es  by  ^  „  „E  SEQLXKCE. 

Element  BY  THE  SUM 

AGBEUNG  PROBABIUTi  ^  ^  PrOBABOITY 

NOT. 

sequence  ^'H^.E  1.  *.  ’ 

1- 

SeQLXNCES  m  E«Q^^  r^^OBAHIUTY  SEQLXNCES  ARE 
BOWXVER.  not  all  t  Q  ,  ,  .  ,c  SOT  REGULAR: 

.  regular,  for  instance,  ..  ».  M  >-  - 
lAX  DO  NOT  HAAX  Ej  ■*  .■ 


KONDECREASING  SEQUENCE  Xj.  X,.  ._,  X^.  OF  POSITI\X 
INTEGERS  WTTH  NO  COMMON  DIMSOR  IS  A  UNIQUE 
PROBABILITY  SEQUENCE  IF  AND  ON'LY  IF  IT  IS  THE 
SOLUTION  TO  N-I  UNXARLY  INDEPENXENT  EQUATIONS 
OF  THE  FORM 


WXERE  S,  T  t  (I,  S.  ...N)  AND  SnT  ■  (■ 

for  LNSTASCE,  the  sequence  1.  J.  S.  «  IS  A  UNIQUE 
PROB.ABIUTY  SEQIXNCE  BECAUSE  IT  IS  TEE  SOLUTION  TO 
THE  4  -  1  -  J  LINEARLY  INDEPENDENT  EQUATIONS 


X,  -  Xj  +  Xj 


ALSO,  1,  5,  s,  J  IS  A  UNIQUE  PROBABIUTY  SEQUENCE 
SINCE  IT  IS  THE  SOLUTION  TO  THE  4-1  LINEARLY 
LNDEFENDENT  EQUATIONS 


THIS  CORRESPONDS  TO  THE  SUBJECTI'X  PROBABILITY 
CONSTRAINTS 

P({5))  -  B«’)) 

P({lfl)  -  BCW) 

,P«1.4))  - 

thisseqlxnce  i.s,  s,>  is  again  irregular  since  X, 
4  1.  IT  TURNS  OCT  THAT  1,  J.  3.  <  AND  I,  J.  J.  S  ARE 
the  only  IRREGUUR  unique  PROBABlLm-  SEQURNCES  OF 

LENGTH  4. 

HOWX\XR  THERE  ABE  »  OREGULAR  UNIQUE  FROBABniTY 
SEQUENCES  OF  LENGTH  S,  INCLUDING  1,  1,  3,  3.  3  A.'D 
J.  S,  3.  3,  3.  the  FORMER  IS  INTERESTING.  IT  IS  A 
UNIQUE  PROB.ABIUTY  SEQUENCE  SINCE  H  IS  THE  SOLUTION 
TO  TEE  5-1-4  linearly  INDEPENDENT  EQU.ATIONS 

X,  -  Xj 
X,-  *4 

Xj  +  Xj  +  Xj  •  Xj 

Xj  +  Xj  -  Xj  +  Xj. 

IT  IS  NOT  REGLXAR  SINCE  3  IS  NOT  LESS  THAN  OR 

EQUAL  TO  THE  SUM  OF  THE  FREATOUS  TEF-MS  IN  THE 

sequence,  I  +  1. 


LET  AJ,  BE  TEE  COLLECTION  OF  UNIQUE  PROBABIUTY 
SEQUENCES  OF  LENGTH  N.  RECAU  THAT  B  THE 

COLLECTION  OF  REGIXAR  SEQUENCES  OF  LENGTH  K. 

mnvnt  *ND  ODIYFKQ  188?):  IRjI/l'^l— '* 

AS  K  — ' 

MX  DO  NOT  KNOW  MUCH  ABOUT  l^xl-  BOWXVXR,  WX 
HAVE  THE  FOLLOWXNG  UPPER  BOUND; 


the  PROBLEM  OF  FINDING  CONDITIONS  UNXER  WHICH 
THERE  IS  A  HNITaY  ADDITIAX  PROBABIUTY  MEASURE 
WHICH  AGREES  WITH  A  GIAXN  BINARY  RELATION 
•SLXJECTIAXLY  MORE  PROBABLE  THAN"  >)  >5  AN- 

OLD  PROBLEM.  SO.ME  NECESSARY  CONDITIONS  WXRE 
STATED  BY  BRl-NO  DE  FLNXTTl  IN  W3I.  DEHNX  A  >  B 

TO  MEAN  TEAT  EITHER  A>B  OR  A  .  B. 


-  J1  - 


ivinv  *1  >  IS  TRANSITIVE  AND  COMPLETE  (A  >  B 

OR  B  >  A  FOR  ALL  A.  B  IN  ^.) 

AXIOM  A2.  <1.  S,  K)  >  ♦ 

AMOM  *»■  A  >  ♦ 

Alim  A4.  U  (AuB)nC  ■  f  THEN 

A  >  B  nr  AUC  >  BUC 

IT  IS  EASY  TO  SEE  THAT  THESE  FOCR  AXIOMS  ARE 
NECESSARY  FOR  THE  EXISTENCE  OF  AN  AGREEING 
PROBABUUTY  MEASIHE.  IT  WAS  SHOWN  BY  KRAFT, 
PRATT.  AND  SEIDENBERG  IN  1959  THAT  THEY  ARE  NOT 
srrnciENT. 

VARIOUS  CONDITIONS  CAN  BE  ADDED  TO  TEESE  AXIOMS 
TO  GIVE  SUFFICIENT  CONDITIONS.  ONE  SIMPLE  CONDITION 
WAS  ADDED  BY  KRAFT.  PRATT,  AND  SEIDENEEP.G  'ItSS].  IT 

SAYS  THAT  IF  Aj.  Aj .  A,j,  B,,  Bj....,  E„  ARE  CHOSEN 

FROM  IF  ENTRY  ATOM  IS  INCLINED  LN  AS  M.ANT 

Aj  as  Bj,  and  if  Aj  >  Bj  for  J  -  1.  5 .  M-1. 

THEN  By  >  Ay. 


THE  NEXT  QUESTION  IS.  UNDER  VITAT  CONDITIONS  IS 
THERE  A  UNIQUELY  AGREHNO  PROBABILITV  MEASURR 
STARTLNG  WITH  THE  DE  FLNETTI  AXIOMS?  RATHER 
COMPUCATED  CONDITIONS  FOR  UNIQUE  AGREEMENT  AATRE 
CIATN  BY  LUCE  11967)  AND  BY  ROBERTS  11979).  THE 
following  much  simpler  axiom  was  gi\tn  by 
nSEBURN  ANT)  ROBERTS  11969). 

^VIOM  ui;  SUPPOSE  X  IS  AN  ATOM  SUCH  THAT  X  >  Y 
>  <  FOR  SOME  ATOM  Y.  THEN  THERE  IS  AN  E\TNT 
A(X)  W  ^  SO  THAT  X  .  A(X)  ANT)  X  >  Y  FOR 
ENTRY  ATOM  Y  IN  A(X). 

(PUT  ANOTHER  WAY.  THE  CONCLUSION  OF  THIS  AXIOM 
S.AYS  THAT  THERE  ARE  ATOMS  Y,.  Yj,  Y,.  SO  THAT 
X  -  Y,  U  Y,  U  ...  Y,.  ANT)  X  >  Yj.  I  -  1.  *.  N  ) 

THIS  IS  REL.NTED  TO  THE  nSHBURN-ODLITKO 
CE.NRACTER12AT10X  OF  REGULAR  SEQUENCES  AS 

nondecreasng  sequences  of  positint  integers  such 

THAT  X,  -Xj.l  AND  SUCH  THAT  EACH  Xj  ISA 
SUM  OF  OTHER  Xj.  I  <  I- 

mcRRURV  NNT  R0nRT5.1ESa:  GINTN 
tee  DE  nNETTl  AXIOMS  PLUS  AXIOM  IT  IMPLY  THAT 
there  is  an  agreeing  frobabiuty  measure  and  it  is 

UNTQUE. 


TwrORFM  rFI.^P'HN  an-D  ROBERTS  ISMJ.  A 
KONTECREASINC  SEQUENCE  OF  POSITINT  INTEGERS  WTTH 
NO  COMMON  DIVISOR  DEFINTS  A  REGULAR  SEQUENCE  IF 
ANT)  ONLY  IF  IT  IS  A  UNIQLT  PROBABILITY  SEQUENCE 
agreeing  NVTTH  a  BINAftY  RELATION  («^..  >)  NVHICH 
SATISFIES  AXIOM  HI. 

another  AXIOM  IS  DUE  TO  VAN  LIER  (1969). 

lYinxi  ur  FOR  ENTRY  I.  J  «  (I.  R  •••.  N).  V]  >  V). 
THEBE  IS  C  I  -ij,'  SUCH  THAT  {1}  -  (1}  U  C. 

fVlN-  ITFR  19691:  GIVEN  (^..  ».  THE  DE 
FLNETTI  AXIOMS  PLUS  AXIOM  U2  IMPLY  THAT  THERE  IS  AN 
agreeing  PROBAEaiTN'  MEASURE  AND  FT  IS  UNTQUE. 

TCTniirM  mSTramv  ANT)  ROPPRTS  19691:  A  REGUTAB 
SEQUENCE  IS  A  VAN  UER  SEQUENCE  IF  ANT)  ONLY  IF  IT  IS 
A  lUGQUE  PROBAEIUTY  SEQUENCE  AGREEING  WITH  A 
BLNARY  RELATION  >)  WTICH  SATISFIES  AXIOM  US. 


mTE  AN  TWO-57PED  CEKERALlTED  FIBONACCI  SEQUENCES 

MOTIVATION:  'DIFFERENCE’  MEASUREMENT 
INTRODUCED  BY  nSHBURK,  MARCUS-ROBERTS,  AND 
ROBERTS  (1911)  ANT  HSHBURN,  ODIYEKO.  A-NT)  ROBERTS 
(1969). 

THIS  IS  A  SEQUENCE  OF  POSITINT  INTEGERS  WHICH,  IN 
CONTRAST  TO  AU  THE  TTTES  OF  SEQUENCES  SO  FAR, 

MAY  BE  DECREASING. 

START  WITH  A  PAIR  OF  ADJACENT  l-S. 

CONSTRUCT  THE  SEQUENCE  LNTIDE-OUT  BY  ADDING  ONT 
TEEM  AT  A  TIME  WTOSE  VALUE  IS  A  SUM  OF  ONT  OR 
MORE  CONTIGUOUS  TEEMS  IMMEDUTELY  ADJACENT  TO 
THE  NTNV  TERN!. 

EXAMPLE;  t,  4,  1,  1,  S,  4 

THIS  IS  BniT  DP  AS: 

1.  I,  9 

4,  I,  I,  2 

i,  4.  I.  I.  2 

5,  4,  1,  1,  2,  4 


4 


T\-pr  B  TWO-SIDED  Rr.vtRAlPFn  rrBOSACn  SEOn>'CES 
MOTIVATION;  'DITFERENCE"  MEASUREMENT 


»  THE  COLLECTION  OF  (TYPE  A)  TIVO-SIOED 
GENERALIZED  FIBONACa  SEQUENCES  OF  LENGTH  N. 

THrOREM  fnSEBtTRN.  SMUrUS-ROB'-BTS  AND  ROBERTS  .iSit 
tVD  nSHBURN.  ODLI-ZKO.  AND  ROBERTS  1?55); 

IN  FACT,  FISEBURN,  ODLWKO  AND  ROBERTS  SHOW  THAT 


SAME  AS  TYPE  A  TWO-SIDED  GENERALIZED  FIBONACCI 
SEQUENCES  WITH  THE  NEW  TERN  BEING  A  SUM  OF  ONE 
OR  MORE  CONTIGUOUS  TERMS,  BUT  NOT  NECESSARILY  OF 

terms  immediately  adjacent  to  the  new  term. 


"N  ■ 


WHERE 


K  .  !«p{j^)/(l-Y)l«Y  -  0.W5495... 


EXAMPLE;  6.  I,  I,  Z,  * 

THIS  IS  BLTLT  UP  AS; 

1.  1.  * 

1,  I,  Z,  * 

6,  1,  I,  Z,  4 

THIS  IS  NOT  ATTAINABLE  IF  WE  INSIST  TE.AT  EACH  NEW 
term  is  a  sum  of  TERSIS  IMMEDIATELY  ADJACE.NT  TO 
TEE  NEW  ONE. 

.  THE  COLLECTION  OF  TATE  B  TWO-SIDED 
GENERALIZED  FIBONACCI  SEQUENCES  OF  LENGTH  X. 

TTroRT-v  fnsHO'^A-  vAPrrs-RnPFRTS  and  ROHIRT?  1£H 

ICT  ntBRURv  oni.SEKQ.  4  NT)  ROBERTS  ISSi); 

1^1  .  j;JN(I+0(l)) 


.  ST  - 


PHI 


r  GENERAUzHi-nBflSAca^Ei^^ 


MOTIA'ATION;  •DIFFERENCE’  MEASUREMENT 

SAME  AS  TYPE  A  TAVC^SIDED  GENERAUZED  FIBONACa 
sSuENCES  WITH  THE  NEUV  TERM  BHNG  A  SUM  OF  0^ 
OR  MORE  PREMOUS  TERMS.  BUT  NOT 
CONTIGUOUS  TERMS  AND  NOT  NECESSARILY  OF  TERRIS 
MMEDIATELY  ADJACENT  TO  THE  NEW  TERM. 


EXAMPLE;  3,  1.  I.  Z.  ‘ 


THIS  IS  BUaT  UP  AS: 
I,  I.  S 
3.  I.  1.  Z 
3.  1.  1.  Z.  3 


IT  CANNOT  BE  BUILT  UP  BY  ADDING  CONTIGUOUS 
each  TLME.  since  6  CAN  ONLY  BE  OBTAINED  AS 


TERMS 
3  +  I  + 


,  .  TEE  COLLECTION  OF  TYTE  C  TAVO-SIDED 

GEN-EILALIZED  FIBONACCI  SEQUENCES  OF  LENGTH  N. 

Mii-I-  mr  I-  BriirTiTSJEia 

1^1  ,  j(n’/Z)(I+o(I)) 


THE  FOLLOWING  COUNTS  ARE  KNOWN; 


N 

3 

3 

4 

3 

I'kI 

1 

3 

14 

15 

l^-l 

1 

3 

18 

173 

ItrI 

1 

3 

11 

115 

AU  OTHER  VALUES  ARE  STIU  OPEN. 


4 


-  2»  - 


BrUBCITLATt  SEQTTENCES 

MOin-ATION:  ’CONJOIKT"  MEASCREMENT 
CCTRODUCED  BY  FISHBURN  AND  ROBERTS  (1988) 

TEESE  ARE  ■nVO-BLOCK  SEQUENCES  OF  POSITAX  INTEGERS 

X,.  X,,  Xj,  /  y,.  y, . Yn 

THEY  ARE  BUILT  CP  BY  STARTING  UTTH  I  IN  EACH 
BLOCK  AND  ADDLNG  ONE  TERM  AT  A  TME  (TO  HTHER 
BLOCK)  THAT  IS  ADJACENT  TO  THE  TERMS  ALREADY 
SPECinED  FOR  THE  BLOCK  ANT)  W-HOSE  VALUE  EQUALS  A 
SUM  OF  TERMS  ALREADY  SPEaFIED  FOR  THE  OTHER 
BLOCK. 

EXAMPLE  J.  3,  1.  1,  7  /  6.  1,  2.  10 

BUUT  CP  AS: 

1  /  1 
1.  1  /  1 
1,  1  /  1,  2 
3,  1.  1  /  1.  2 
2.  3,  1.  1  /  I.  2 

2,  3,  1,  1  /  6,  1,  2 

3.  3,  I.  1,  7  /  8,  1,  2 

2,  3,  I,  1.  7  /  e,  1,  2.  10 


•  -  30  - 

Ob(M.N)  -  THE  COUECTION  OF  BIREGULAR  SEQUENCES  OF 
LENGTHS  M  AX’D  N. 


Tgrn»FX(  fncTTBURN  AND  ROBERTS  IStU- 
M(l+o(l)) 

1Gb(M.N)|  -  (2"-l) 


-  31  - 

tvtfbvai^RESTPICTEP  BIREGPLAH  SEQPEHCE5 

MOTTV'ATION:  ’CONJOINT"  MEASUREKIENT 

SAME  AS  BIREGULAR  SEQUENCES  BUT  ADD  THE 
REQUIREMENT  THAT  EACH  TERM  IS  A  SUM  OF 
rnvTTGrons  TERMS  ALEADV  SPECIFIED  IK  THE  OTHER 
BLOCK. 


NOTE  THAT  THE  LAST  EXAMPLE  WORKS  UP  UNTIL  THE 
LAST  STEP.  K  THE  LAST  STEP,  10  CANTtOT  BE  ADDED. 
HOWEATR,  M  COULD  BE,  GIATNO  US 

2.  S,  1,  I,  7  /  S,  I,  2,  M 


CjCMX)  •  the  collection  of  INTERVAlr-RESIRJCTED 

biregular  sequences  of  lengths  m  and  K. 


tbforfm  (PABBTliV  AND  ROBERTS  last): 

,  M(l+o{I)) 

|Cb(M.N)1  - 


.  -  »  - 

NOTE  THAT  |Gb(M,I)|  »  |Cb(M,I)|  «  I  FOR  All  M. 

ONE  CAN  ALSO  SEE  THAT  |Gb(M,2)|  »  |Cb[M,3)|  FOR 
All  M.  THE  FOUORTfG  VALUES  ARE  KNOWN; 

M  234SI7I 

ICb(M,2)|  I  19  »  243  Ml  2M9  9573. 

|Cb(9,2)|  is  already  NOT  KNOWTS. 


"Generating  k-element  Subsets  of  an  n-element  Set" 


Michael  S.  Jacobson,  University  of  Louisville 
Department  of  Mathematics,  Louisville,  KY 


Generating  k-element  subsets 
of  an  n-element  set 
with  DeBruijn  Graphs 


M.  S.  Jacobson. 

E.Kubicka, 

G.  Kubicki, 

Dffpanmeni  of  Maihematics 
University  of  Louisville 
Louisville,  KY  40292 
and 

A.  Schttcnk 

Dspanmem  of  Maihemaiics  and  Suiisiics 
Wesieni  Michifan  L'niversiiy 
Kalamazoo,  Michifan  <9008 


Alx'ran 


This  tour  is  brought  to  you 
by 

the  following  problem: 

Find  an  efficient*  way  to 
generate  all  k-element 
subsets  of  an  n-element  set.!! 


•What  does  efficient  mean? 


Generate  all  subsets  of  an  n 


element  set. 


Binary  representation  of  0  -  (2"  -  D 
yields  a  "computer  understandable’ 

way  to  generate  these  sets. 


BUT 

excessive  amount  of  work 

for  the  computer  to  go  from 

...l  =  0U...l  to  2"-’  =  l00...0 

being  exchanged. 


i 

i 

I 


Proceed  thru  the  subsets  with  exactly  one 
"bit”  changing,  either  0  to  1 ,  or  1  to  0. 


One  element  difference  from  subset  to 
subset. 


m?AV  CODES 

0  0  0  0 
0  0  0  1 
0  0  11 
0  0  10 
Olio 
0  10  0 
110  0 
10  0  0 
10  0  1 
10  11 
1  0  1  0 
1110 
1111 
110  1 
0  10  1 
0  111 


milize  the  power  of  the  computer!  1 


Can  we  generate  all  binar>'  sequences 

of  length  n  by  a  "shift"  ?? 


001011101 

"O 1 0 1 1 1 0  1  0 

"lOl 1 lOlOl 
"011101010 
"l  1  1010101 
1  1  0  1  0  1  0  1  1 
"  1  0  1  0  1  0  1  1  1 


r>es  there  exist  a  sequence  of  length  2  so 
at  each  sequence  of  length  ^^e 

msecuiive  subsequence  exactl) 
^'rapping  allowed)  ?? 


r 


Effidem  way  " 


Efficient  way  to  g 


enerate  all  subsets. 


f  ^.^htr^i^fnrial  Tooli 


Directed  Graph 


Efficient  way  to  generate  all  subsets  ma  > 
tunes. 


Efficient  way  to  generate  a  random  su 


fnnnecled 


p»tfTian  DirTP?^  (GrarM 

Starting  at  any  point,  trace  thru  the  d;gri 


(graph) 


traversing  each  edge  gxKlly 


If  D  is  a  connected  digraph  with 
id(x)  =  od(x)  for  all  vertices  x  then  D  is.  Eulcnan. 


and  now  a  message  from  the  sponsor 


e^£6.v.v'\v-K  ^'.lacV^  ev.cc;.  r 


&, 


"But  we  only  want  the  k  element 
subsets!!??" 


Generate  all  the  subsets,  and  use  only  the 
ones  you  need. 


Can  we  use  shift  reeisiers  ?? 

1 


‘'“5||S=. 


Does  .here  exis,  a  circu..se,«„«  of  order 

-,l"Jso.ha,bydoubleshif.i..gankelemen. 

subsets  are  generated  ? 


\V 


For  each  vertex  x  in  this  digraph,  either 
id(x)  =  od(x)  =  2  (#  I’s  is  k-1)  or 
id(x)  =  od(x)  =  1  (#1  's  is  k  or  k-2). 


Euler  n7.^6^  Good  (1946^  If  D  is  a 
connected  digraph  with  id(x)  =  od(x)  for  all 
vertices  x  then  D  is  Eulerian. 


Good's  Thm  says  Eulerian  provided  it  is 
connected  ... 


Hamiltonian 

cycle 


Connected 


Eulerian 

circuit 


Connected 


n  odd 

aj  83 

3334^5 


®i+3 


3i+i 


3]  33  83 


3i.,  3,.,  Si 


Considei'  a  different  gi'aph 


Cjiioo;) 


X 

Oil  10) 


/  \  Fs. 


I  '  (  1  I  o  I  0  ,1 


(  loilo'.  - 


'  O  I  O  I  I 


Hence,  for  n  odd,  both  graphs  are  connected 
and  the  graphs  are  Eulerian  and 
Hamiltonian,  respectively. 


n  even 


iiOOOOOOOO 
000000001  1 
OQOOOOl  100 
00001  10000 
001  1000000 
1  100000000 


Cycle  thru  from  component  to  component  : 

Count  the  components: 

Polya’s  Thm  (Burnside)  Let  G  be  a  group  of 
permutations  acting  on  A,  and  let  S  be  the  i 

equivalence  relation  on  A  induced  by  G  j 


G  =  Z.  • 

2 

A  =  "family"  of  k  element  subsets 
with  (10  =  01), 

Equivalence  Classes  =  Components  of  G. 


A  final  message  from  our  sponsor . . . 

"  We  need  the  k  *  element  subsets 
of  an  n  -  element  set !! " 


men  n  is  odd.  find  the  cycle,  and  generate 
the  sets... 


When  n  is  even,  find  the  k  element  subsets 
of  an  n+1  element  set, 
throw  out  the  subsets  with  n+ 1 .  | 


F.vamnle 

3-element  subsets  of  an  8-element  set. 
a,  aj  aja^  aja^  a,ag 

One  pair  =11  and  one  pair  =  01 
or 

Three  pairs  =  01 

1a  1  =  (  12  +  4)=  16. 

^  Components  =  5  (l6+0  +  0  +  0)  =  4 

mat’s  really  the  story  ?? 


Good’s  result  is  an  existence  Theorem. 


How  do  you  find  the  Eulerian  Circuit  ?? 


ITPDATEU 


For  DeBruijn  Sequences ... 
Fredrickson  has  given  a  "linear"  (in  n) 
algorithm  to  generate  the  sequence. 


Hochberg,  Hurlbert  and  Isaak  have  also 
discovered  the  idea  of  multiple  shifting. 


For  these  generalized  DeBruijn  Sequences, 
worst  case  otnl^I 
average  case  o(logn) 

Best  Possible  ?? 


Carla  Savage  uses  this  idea  to  generate 


"new"  Grey  Codes... 


The  idea  "works"  to  generate  the  n! 
permutations  of  an  n  set. 


"Matchings  in  the  Partition  Lattice" 


E.  Rodney  Canfield,  University  of  Georgia 
Department  of  Computer  Science,  Athens,  GA 


c  e 


Matc^>l1^3.s  .  in 
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L  o  t  > 
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TX,  t*i 
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grt^tJL^ 
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,  { i>\  1 


"  0«5 


waC«'I< 


•.?(.,n’  5S(-,<-<)5f-,‘‘-) 


:.  VM‘ 


1 


1  1 
13  1 
17  6  1 

1  15  25  10  1 

1  31  90  65  15  1 
1  63  301  350  160  21  1 
1  127  966  1701  1050  266  28  1 

1  255  3025  7770  6951  2666  <62  36  1 

511  9330  3<105  <2525  22627  5660  750  <5  1 
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19Si  Hkrt**  '  •*  -  '  '  ' 

1990 

1991  i**®"*^ 


"Algorithms  for  Small  Graphs" 


Ronald  C.  Read,  University  of  Waterloo 
Department  of  Combinatorics  and  Optimization,  Ontario,  Canada 
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ABSTRACT 

Given  a  eimpla  graph  0  ■  ( V,  £)•  a  eubaet  5  of  V  U  called  a  nnfhktrkti  itl  provided 
0  ic  the  union  of  the  aobgraphc  induead  b/  the  ckMed  neighborhoodi  of  the  vartteaa 
in  5.  The  minimtun  eardinalitjr  among  all  minimal  neighborhood  acta  of  G  ia  denoted 
bjr  fi(G)  and  ia  called  the  neipUar^aad  aumkcr  of  G.  It  ia  known,  for  inatance,  that 
7(f7)  S  ^  for  anr  G  without  iaolatad  vartteaa,  where  7(G)  and  a(G)  are  the 
(vertex)  domination  and  covering  numbera,  rcapeetivrij. 

M7  eoUeague,  Y.U.  Uarria  Kwoog,  and  1  have  been  inveatigating  the  proUem  of  finding 
the  maximom  neighb^hood  number  n(p)  among  all  connected  grapha  of  order  p.  Our  work 
ao  far  haa  lead  ua  to  conjecture  that 

n(p)  <  iflp/nj 

a  raault  that  holda  for  3  ^  p  S  16*  1  report  on  thia  work  and,  aa  lime  permiU,  aome 
recent  work  of  David  K.  Qamick,  Kwong,  and  Felix  Lasebnik  on  the  maximum  number  of 
edgea  among  all  grapha  of  order  p  having  girth  at  kaat  6. 


Obaenre  that  if  G  ic  the  diajoint  union  of  grapha  G|  and  Gi*  then 


•»(£?) -t(Ci)+i{Oi),  Ii(0)«»(0i) +  •(<!»).  «(0)»«(0,)  +  a(Ci) 


Wa  thiia  aatumt  htaealbrUi  that  O  -  {V,E)  ia  coaaactad.  Noar,  if  »  and  a  an  ooaadjaeaat 
vertieae  of  G,  then 


7(G4-u«)£7(G)  aad  o<G  ua)  2  o(G) 


Howavor, 


11(G)  - 1  5  n(G  ue)  <  MG)  4- 1 


Foe  aumpb,  eeuidar  tha  graph  O  m  ({a,a,ia,8,,},  {m.m.m.ap.ap}).  Nota  that  O  ia 

a  t^pda,  ■(O  +  •■)  ■  2,it(0)  “  3.  •■d  MP  -  w)  «  2. 

Thia  laada  aa  to  — — =■*—  tha  faBmriaf  attraaial  ptohlam:  lad  tha  matimam  aaigh- 

boihood  aambar  a(p)  aoiOBf  a!  coaaaetad  grapha  of  otdat  ^ 


Ciraa  a  limsila  graph  G  m  (V,£),  tha  aat  £(a)  ~  {ai  E  /  |  aa>  e  £}  ia  call 
the  neipAkerheed  of  v  end  fd[v]  »  N(«)  U  (v)  U  lU  ciered  neipAkerAeed.  A  subMl  S 
V  is  celled  e  nripAkerAeed  j«l  provided  G  U  the  union  of  the  aubgrephr  induced  by  t 
doeed  neighborhood!  of  the  verticce  in  5.  The  minimum  cerdineiity  emong  ell  miuic 
neighborhood  eeU  of  G  U  denoted  by  n(G)  end  it  celled  the  ectyAkerAeed  neiuker  of 
end  wee  introduced  by  E.  Sempethkumer  end  P.S.  NcereUgi  {The  neighborhood  nunit 
of  egrepb,  /»d»e  J.  Pun  AffL  idetA.  16  (1085),  120-132]. 

Two  releted  peremetcre  ere  the  (vertex)  dominetion  end  covering  numbere  A  eub 
5  of  K  ie  e  demineliny  »$t  provided  every  vertex  not  in  5  ia  edjeeent  to  e  vertex  in 
it  ie  e  cevariny  aat  provided  every  edge  of  G  hea  et  leeat  one  of  ita  incideat  vertkea  in 
Let  7(G)  denote  the  miihimum  cerdinaJity  of  e  domineting  aet  end  let  o(G)  denote  t 
minimum  cerdinelily  of  e  covering  aet;  if  G  bea  no  iM^ted  verticea,  then  eny  covering  t 
ie  elao  e  neighborhood  aet  end  eny  neighborhood  aet  ia  elao  e  domineting  aet.  Thua,  . 
eny  greph  G  without  iaoleteJ  verticea, 


7(G)^ii(G)<o(G) 


It  ii  neturel  to  wonder  whether  thaM  pereinetera  ere  independent,  in  aoiut  aenae. 
ie  eeey  to  eee  thet  7(G)  a  1  if  end  only  if  n(G)  m  1;  the  complete  greph  K,  of  ordei 
hee  7(/r^)  w  u(/fp)  *  1  end  tt(/fy)  ■■  p  *  1.  It  wee  eleo  obeerved  in  the  above  mention 
paper  thet  n(G)  •  o(G)  if  G  U  connected  end  hec  girth  et  leeat  4.  Uowever,  Jeyere 
Kwoog,  end  Straight  (Neighborhood  aele  in  grapha,  /eiien  A  Pun  AppL  ifetA.,  to  eppei 
gave,  for  poeitive  integera  r,c  end  I  with  2<f<a^l,  an  example  of  a  greph  G  hevi 
7(G)  w  r,o(G)  w  «.  end  a(G) « t. 

I 

He  begin,  we  find  that  n(3)  ■  n(3)  ■  1  end  »(4)  m  2.  Next,  »(6)  •  3,  with  the  unitit 
extremal  graph  being  the  5-cycle.  At  thia  point  we  make  the  Mowing  obeervetion;  V 
0  be  Ibrmed  from  the  diajoint  union  of  G|  end  G|  by  adding  a  aingte  edge  thet  jotna 
vertex  of  Gi  with  a  vertex  of  G|.  Then  n(G)  ^  n(Gi)  +  u(Ci).  Aa  a  conaequcnce,  let 
be  n  reliooel  number  between  0  end  1  end  auppoae  there  exiala  a  greph  Ga  of  order  ; 
having  n(Ge)  «•  rpe.  Then  there  exiat  infiaitely  many  value#  of  p  for  which  n(p)  >  r 
Since  we  have  a  graph  of  order  5  with  neighborhood  number  3,  we  tentaiively  eonjectu 
that  ia(p)  <  3p/5  (for  all  p  >  1). 

Two  omre  uaeful  obaervaifona.  Tbe  firat  ia  that 


m(F 'f  t)  $  Mf) I 


Secondly,  auppoae  G|  ia  a  connected  greph  of  order  p  aad  G#  ia  the  com|dete  graph 
evdarX  Form  the  graph  G  ae  above.  Then  G  hv  offderp-t-3  and  n(G)  »  n(G|)^  1.  Th 
we  find  that 

ii(p)  «  n(p  + 1) -»  u(p  +  3)  «  n(p  +  1) -M 


Contmiiiag,  we  find  that  ii(6)  »  3  aadn(7)  *  4.  But  now  eonaider  the  faUowiag  graj 
of  order  S; 


U  ia  not  difficult  to  ahew  that  n(J)  «  5.  U  fottowa  that  ia(|)  -  5,  aad  we  are  forced 
reviae  oor  lenUtive  conjecture,  namely,  we  now  conjecture  that  n(p)  S 


2 


3 


Ul  ,  b*  Ex«i  .uppow  th.  ..du.  of  n^,)  i.  koowo.  A.  .  «.u«su.oc.  of  lUo 
.b.«.-io..  «*a.  «i  Vh.  ,.«»«lio.  p...,  if  o«  aoim.  Ihol  1)  .  »l,)+ 1.  ib..  oo. 
„«.l  ,i..  »  .xompu  of  .  troph  O  of  o.a..  P  +  I  botioi  «(C)  -  »(p)  +  I-  Oo  lb.  o.b.. 

p—l  il ,«  cloim.  Ibol  »(p  +  f)  -  »(l>).  *b««  »“  f”"*  ‘I-*  «““*«<*  *'•*•  I 

of  otdof  p  +  I  bo*  Mijbbolhood  uombot  »l  inool  b(p). 


W.  COB  .bo.  Ibol  ..«T  COBBOClod  (C.ph  of  ocd.t  8  bo.  ..igUbotbood  ««u.b«  .1, 

5.  Tbi..  «.,.lb«  -ilb  »(«)  -  «.  . . .  -(»)  -  »• 

.ilb  «  «lg.  yi-d.  B  gropb  of  «d..  10  bociBg  ..igbbo,bo«f  Bumbor  «;  b.B« 

„(1U)  -  g.  Al  tbi.  P«BI  iB  ««  iB,..Ug..»B  Bbu  i.  OBd  B  gropb  of  <»d«  a 

.itb  B«gbb..bood  B«Bb.r  7.  Tbi.  di.pcorM  oor  lattoU..  «..j«iur.  tho.  «(p)  <  5p/« 
Ho«..r.  if  «»  -riu.  do-B  o  UbU  of  .b1u«  of «(,)  for  J  S  p  <  U  tb.  CoU«.U.g  r.,-«l 


coQjMliirt  •tfMgljr  auu**^ 
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Conjecture.  For  p  >  3. 
"(p)  “"(p+i) 


n(p  ^  2)  a  ii(p)  +  I  OBd  b(p  +  3)  -  l»(p  +  d)  “  "(P)  +  7 


(OBfartBBotdyT)  Uoni.  K.«ig  f^-d  o  gropb  H  <d  <*<Ur  U  ko.iBg  B«gbb«bood. 

BB-bor  g.  «  tb.  .«.i«t«.  U  UU.  tor  P  -  Tb.  gropb  H  COB 

gropb  .l.«UrU  .iU.-.bb«b«-lB.-b«8.  Tb- U  cob  b.  .h«i«  thot  MU)  -  ^| 
olM,  w  tbot  b(1S)  -10.Tbi.UthB.tBUBftb«  ptahluB  ot  tbi.  peiat  la  u-o.  Bj  Umi 

I  .tin  bdi...  that  th.  Bb— CBBi-t.- i.  tn.  fac  p -fci-UT  l-I*.  ^  2 ‘*- 


4 

Tbi.  papu  i..«tig.t«  tb.  folB-  of  /(.),  tb.  -Bri--*  BMBb«  of  «lg-  ia  a  graph 

ofocdw.— d  girth  ot  butt.  For  wBuf—of.  w«ri-— Bouroutboutof— truBot 

gropbo  Tbb  pcobboi  bu  bua  ■aoBtaoawl  uruol  tiou.  by  P.  Erdt.,  irbo  caaiutond  tbot 


Qiu.  gru*.  C„0, . 0.,  bt  -(oiOi.C, . O.)  duuto  tb.  gr—ot  --  of  a  j 

papb  Bf  ardw  «  wbkb  -ataiu  bo  -bgroph  boaurpbb  to  rouo  0,.l  S  i  S  »•  Ob.  of  ] 

tboBuiBduu.ofpfohbMiB«it.—ufgtopbtb«ry,kaoBBuTyir.a-tirpop«hbBU,b 

fargi— Bo.Ci.Ci . C*  toduuoMB.— piidily  UuliuKtioB— (•:Ci.C.....,Co),orto 

»«fittuy-ptoticlub.riocforbrg...l.«of..  Tb...  tb.  prohbu  w.  co«Bbr  »  Ub 

papor,  tbu  of  tadiag  tb. - - — —  aw  of  o  gropb  of  girth  u  bort  3,  caa  b.  Uaud  — 

iadinf  the  vnlne  of  ca(v;Ce*Ci)o 


Abetrnci 

We  derive  houndf  Jnr  /(•),  the  marimum  number  of  edgee  in  a  graph  on  «  vet 

>BteBataia.BalbBrtbiBBK7cb.BorbBtKyeba  Abo.  wo  giu  tba  axaet  ubIo.  of /(. 

I  *  ap  IS  34  Bad  —aolnutiM  loau  beaad.  tor  all  *  ap  u  300. 


I.  tbb  .utiu.-pu-.i-~  •*>-«**- 

a,«.l  gupb..  bUay  Bf  Iba.  -m  ko  <-«*  i.  1^  -b-d-at  -.t— .  w.  coil  .  g 
»  M  anb.  .  —-.J  a  »(C)  S  5  »d  .  -  MO)  -  M-  ' 

ooM  afltpb  facte  abost  utiaBol  gtapb.. 

Prop—itioB  l.l.  Lot  C  bo  —  — it.o»l  gropb  of  ordor  ».  Th— 

(a)  O  b  — oaoeted  aad  Ibo  diaBwter  of  C  a  •»  aio—  X 

(b)  U  d(a)  -  HO)  -  1.  *k«i  «*- tup*.  C  -  a  h- diaautu  ot  Buat  X 

It  lanteOBl  that  tba-lua»i  guph.  of  dia-uter  3  u.  ury  uu.  ta  Uet.  it  bu 

,h— Uat  tb.  aaly  gr^rb.  of  udu  0 -ilb  -  4.oy«f- “*  •*  dbauter  3  «a 

The  eur  fCs.vrt  . 

Jdur.  g.V>b«  0..  l-f*  («•“  gupb  of  ordu  10.  d««. 

aal  girth  t).  BoaBteO-Sagtate.  gr^di  (lb.  oJy  T-ugab.  grM*  of  «<*«  50.  d»r 

.* _ I _ Man  JIu-.ut-a  9  mmA  aiTth  S.  if 


b  a  -dt  kuwB  tbu  «(r.e.)  -  l.*/4j.  out  lb.  oalutaJ  gupb  b  tb.  a»pbt. 
bipoctiU  gioph 


Th.  .»t  uia.  of  ..(r.C,)  a  bum.  fa.  JI 0*  •  •“k*  «—•-»’  +  «•••  *• 
abon  y  a  o  poBUofS  (Z.  Poiodi,  Gupb.  -ilb— I  yoodribtuob.  dCT  f  34  (1003).  lil- 
1001, «  o  pnau  po-u  oaualiag  IS  (Puaii,  puprial),  oad  it  b  oyaJ  la  .(»  +  »)’/*- 

-teu-l  g.U*.  fa.  tbu. of  o  ou  b— .  Fb.  1  S  .  S  31.  lb. -fa- of  «(o:0.) 

aad  Iba  aanatpaadiag  iiluu.l  gctpba  ua  ba  faaad  ia  tC.RJ.  CUpba— ,  A.  Plochbart, 
aad  J.  4I-I— .  Gtapb.  rrilbaBt  faaMydu.  JOT  13  (1900).  SO^T).  AppuoUly.  lb.  — 
Moka  aanobteiaal  by  W.  MoCoaigia  1904.  bU  -ou  aU  pabhbal  U  a  wdl  baoaa 
ibu.Mo:C.)-(i/a+«(i))»*'’-  . 


U  a  i-portoBl  la  oola  that  atlBupte  la  aoBiirBel  otteo-d  gupb.  far  .b(.:C,.C,) 

by  d-tfoy-g  J1  Voycfa.  i.  tb.  atiuaul  gupb.  far  «(uC.).  O' tW 

ia  tb.  ouu-a  gupb.  far  »(r.C.).  fa*  uilbu -otbul  faufa  tagupboofudu  0 -lb 


Priority  gropba 

— .1..  Tb.  raly  gupb.  fro—  tb.  in  obaw  which  i 
I  ngobr  on  ibo  bloou  gropko  U  b  4—  booaa  tl 


,  -JOiii—  e— loia  BO  tciaagbi 
■t  a  gupb  af  diaauter  t  i.  1 


Wa  aew  doriu  —  opp—  boood  sa  /(a). 

Tb-B..- X2.  Ut  0  b.  « -tuuJ  g.M*  of  .«*- »  2  *  “*  •^  *•  ^ 

/(,)-.$  iovrrr 

rulbirunu.  ni-°‘T  wad.  «  -d  oolr  if  O  a  ugobr  ual  otdiooutec  3.  U.  0  b  .  t 


CaaarTJA  UtObo— tn-Mgu»b.f«d-..b«..u«ldiu».u.3.  IfC 


X  aa  Ibt  a—ngt  dogru  of  0  b  —  ialogu,  tb— 

/(o)-oS 


/(•)odgu. 


T 


Now  w«  d«nv«  ft  lower  boond  for  /(v).  Let  9  be  ft  prime  power,  ead  Ul  +  9  + 1* 

ftftd  *  (9  +  ^)*f  B/  we  denote  the  potat-Une  iaadeoce  bipartite  (rapb  of  the 
projective  pUae  PGL{2,q).  More  preeiecly,  tbe  perlite  tele  of  repcceent  the  eet  of  ; 
point#  end  the  eet  of  line#  of  FGL{2,<i),  and  the  ed|ee  of  eorreepond  to  the  pair#  of  | 
tncideal  point#  end  line#.  Then  j?«  i#  ft  (9  -f  l)*ce|idftr  bipartite  graph  of  order  2Vf  and  aiec  ■ 
Cf.  AlftO  f(B,)  ^  S:  being  bipartite  B^  ha#  no  3>c/ek#,  and  the  enietence  of  a  4*<ycle  in  ! 
Bq  wonhl  mean  that  in  PGL[7, 9)  there  are  two  dietinet  line#  paseing  throngh  tww  diatinct 
point#. 

Thoorem  3.4.  Let  (7  be  an  extremal  graph  of  order  «  and  eue  e.  Let  9  be  the  Urgeet 
prime  power  ench  that  2*f  ^  v.  Then 

/(*)-«>«,+ 2(v  -  2e,)  -  +  (9  -  3)0, 


We  next  define  a  reetricted  type  of  tree;  many  of  the  proof#  in  in  the  next  •eciion  rely  < 
the  preecnee  of  theee  tree#  in  extremal  graph#.  Cott#idef  a  vertex  s  of  maximnin  degree  A 
•  (C|,Ct}*frce  graph  C7.  Let  the  neighborhood  of  e  be  N(e)  *  Clear! 

J9(a)  U  an  independent  aet  of  verticea.  Ftirtbermore,  tbe  #eU  of  vertice#  N(si)  -  (c 
i  <  1  <  A,  are  pairwi#e  dUjoint;  otherwiee  there  would  be  a  ituadniateral  iu  G.  Tl 
motivatei  tbe  notion  of  an  (m,n}*jUr  5«,«,  which  i#  defined  to  be  the  tree  in  wbi' 
the  root  (center)  ha#  m  children,  and  each  of  the  toot'#  children  ha#  n  children,  all 
which  are  leave#.  Tbe  aubtree  containing  a  child  of  the  root  and  all  it#  n  ehildrea 
ft  Imnch  of  5«,ft.  We  will  make  nee  of  the  following  eaeily  eetablUhed  facte:  ( 
1V(5,».,)1  «  1+m  +  mnand  |£(5w.«)|  »  m  +  mn;  (2)  Every  (C#,C\}-rree  graph  (?  wi 
at  leael  5  vartke#,  ih(C7)  •  A,  and  <(C)  ■  4,  contain*  5a,i-t:  (3)  la  any  {C»,C«}*fi 
graph  G  containing  an  (m,  n)*#tar  S,  no  vertex  in  O  *  5  can  be  adjacent  to  two  eibling# 
S.  In  fact,  every  act  of  aibling#  in  5  ha#  a  unique  common  neighbor,  namely,  their  parei 


Proof.  Conaider  the  graph  obtained  from  B,  by  adding  to  V(B,)  a  eet  of  «  —  3«,  ieoUted 
vertice#  and  connecting  each  of  the#e  to  two  nonadjacent  vertice#  of  B,  taken  from  difTerent 
partite  set#  (aiteh  two  vertice#  alwaye  cxiat,  «inc*  B,  ia  not  a  complete  bipartite  graph).  If 
the  ehoecn  pair#  of  vertice#  of  B,  arc  diatinct  for  diatinct  ieolaled  vertke#,  then  we  obtain  a 
graph//  of  order  «,  aue  «,>2(v-3e,)  and  girth  at  Ua«t  S.  There  are  g’v,  pair#  of  diejoint 
verlkca  of  B,  in  which  two  vertkea.  in  the  peir  belong  to  different  partite  ecte.  We  clean 
that  9’e,  >  V  —  2e,.  Indeed,  if  it  it  not  the  cn#c  end  9  >  2,  then  «  >  (9*  'h  2)v,  >  lie,. 
According  to  BertrnnU'#  Poatolate,  for  any  integer  n  >  t,  there  ie  et  tee«t  one  prime 
number  p  aueh  that  n<p<2ft.  Letnwg,  and  let  p  be  a  prime  eatiefying  the  inequality 
9  <  P  ^  29.  Then 

I 

3«f  <  3v,  <  89*  4>49  4-2  <  fie,  <  « 

which  eontmdku  onr  choke  of  9  in  the  ciatemcnl  of  the  thnorom.  for  9  *  2,  2ni  w  14  ^ 
t  <  2«3  a  36  implaca  that  v2nt«o*U<t2<38a  2^*}.  ThnnCorn,  (or  nil  prime 
poerare  9,  9^*,  >  v  —  2«„  and  ike  conetraetaon  of  H  deecribed  above  ie  poeeible. 
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Propoeition  2.A.  For  all  {C«,  C«)'>free  graph#  (7,  «  >  1  +  A4  >  1  ^  i*. 


Propoeiiion  2.7.  For  all  {Ca,Ct)*free  gcaphe  C7  on  v  >  t  vertice#  and  e  edgee,  6 
e-/(e-l)andA>  |2e/vl. 


Propoeiiion  3.1.  Ftar  all  v  ^  1.  we  have  •  ^  I  +  f3/(»)/*l(/(*)  -  /(*  -  !))• 

8 


TbwMB  U  .UU.  tUt  /(.)  <  l.A/rrr/JJ.  1  5  .  s  »0.  «  k...  ««uu«ct«ll 
{C,.C.).£r«  ,rmk.  -ilk  l.^TTr/J]  Tk...  ...pk.  w«  .I—,  i.  Tm-r.  1.  Tki. 
7mI4.  lk«  bllovi.,  ikMra.. 


ThMi-m  3.1.  Fw  1  S  «  2  U>>  /(•)  ”  l»V»  -  »/SJ- 


O 


o 


I 


o  o.^ 

»,  '■«  "» 


i 


3A  Tk.  /(.)«»  U  S  •  S  »««- «"««>»= 

/II1)-W  /(B) -U  /(U)-Jl  /(«)-» 

/(U)-»  /(IT) -31  /(»•)->«  /(“)-»  /(»>)”^‘ 

M 


PrMif.  W.  kiok  U  mwU  .p«aGc  cmu  t.  iUultu.  Um  tad>.k|M>  iaralfid. 


/(U)  -  33.  Tk.  ,r.pk  Ci«  duwMUMn  tk.t  /(M)  i  33.  Amwih  tkm  ui.u  . 
alna.1  (rapk  C  -ilk  34  W,w.  PtopwilioM  3.(  uid  3.T  iuptr  IkM  <  -  3  uU  A  •>  .( 
Tkw  O  kM  1  wiicw  tl  4«,n>  3  u4  •  mliCM  .1  d«f  m  4.  F.rtkv,  O  cuwt  eaM-ia 
pair  al  adiua.1  mtka.  .  p  nek  k.fi.f  dafn.  3,  lim  (7-  {.,  p)  <mld  k.<a  IP  ad,ai 
nrralnitfrni  /(B)  -  tt.  W.  amp  Ika.  ccladr  Ikn  mep  sd(a  of  O  juau  a  lUfcaa 
aatta.  -ilk  a  4.fin  4  mtaL  U  far  aack  4a,m  3  rarta.  -a  capraral  iu  aai,kbwkw>a  . 
a  Ifipb,  Ikaa  Ika  a<  C  kapka*  Ika  analaara  af  a  daaiga  of  •  Iripin  o.  6  aUaiaai 

(Ika  li.  raflkn  af  da,in  4),  wkaia  aack  alannl  ocean  ia  4  Uipin  nd  cack  dialioet  pai 

ad  - - accan  i.  al  oaal  1  Uipta.  Bat  liaea  t  tUauaU  cuauilau  M  dicliael  pain 

aad  aack  Iriptc  ipcciGn  3  pain,  nek  I  Iripin  -ill  ^MCifp  «  a  1  -  34  pain,  aad  lhatelui 


/(U)  -  3t  aad /(30)  •  41.  Tka  ffapk  C»  tko«a  tkai /(M)  2  31.  Sina  Ika  avUmo. 
3  aarlicn  (Ika  Mtticn  oauida  Ika  dadacafaa)  an  nUaaBp  diiiaara  3  apart,  m  cai 
fpailrarl  Gm  kp  ..i-iu,  a  rarla.  lo  Gu  Ikal  ia  adjacaal  lo  Ika  3  onar  rarlim  (li 
lha  fifara,  daakad  Biwa  an  nad  Ie  rkaw  Ika  adgn  Cran  ika  3Mk  aula.  t.  Cia.)  Tkui 
/(TO)  i  l#(<7)l  -  41.  Tka  ipptr  kaaadi  ara  akitiaad  kp  appipia*  Piaporilie.  2A 
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U  c*a  b«  BOl«d  tb»t  0|f  u  Ui#  AobcfUoa  ftrapb  •  lh«  uuiquc  U  (k>Uu«rt  lU«t 

Oi«  Mul  Cm  ik«  umiqiM  «xu«m4l  ot  <K4lct«  lU  auU  3U,  rc«pcclivcly. 


TlMior«m  3«4.  TIm  vaImm  of  /(«)  for  31  <  »  ^  34  mtm  mt  (uUowt: 

/(31)>44  /(33)-47  /(33)  «  6U  /(34)  »  64 

Prttof*  Ag*ia,  to  aUiulrot*  iIm  Uchiuquc*  ittvt4?cd,  we  give  Ibe  proof  lb«t  /(33)  47.  \ 

Fifel  c»f  ell,  o  {CifC«)*Cree  grepb  o(  order  23  eud  mm  47  m  eoiutrucUd,  eUuwiug  lb»l 
/(^)  ^  Suppoee  there  esieU  a  {Ct,C«)-Ercc  grepb  G  with  v  «  33,  e  m  4tt.  Dy 
PropoeilioA  2.7,  A  ead  A  >  6.  Thca  A  »  6,  (or  otUerwiee  there  u  e  (0,3)  etex  iu  C, 
ead  euch  a  tree  hee  more  Ihaa  33  vertker;  therefMe,  0  coateme  14  mrlicee  of  degree  4  and 
I  verticee  of  degree  6.  Tbit  ia  tora  impliee  that  there  are  at  leaet  0  edgee  among  the  degree 
4  verticee.  Since  aay  graph  with  14  eerticee  ead  at  leaet  8  edgee  luuet  cuatain  a  path  of 
length  3,  there  uwet  be  at  leaet  one  degree  4  vertex  adjacent  to  two  other  degree  4  vertice*; 
thwe  there  U  a  Pi  ia  C  each  of  whoee  verticee  hae  degree  4.  However,  if  there  U  »  path 
P  oa  3  verticee  of  degree  4,  then  O  »  K(i*)  ie  the  llobertaou  graph.  Kadi  of  the  pendant 
verticee  ia  P,  a  and  p,  hae  3  aeighbore  in  the  Iloberteou  graph  that  are  mutnally  dietance 
3  ^lart.  But  the  lioberteoa  graph  hae  ealy  oae  euch  eet  of  3  verticee.  Therefore,  C  eauaui 
coataia  a  Pf  of  degree  4  verticee,  giving  ue  a  coatradictiou.  Therefore,  /(23)  <  47. 


Thie  paper  givee  exact  valuee  of  /(«)  for  1  <  «  <  34.  It  ie  alee  noted  that  /(SO)  at  17S, 
the  axireiaal  graph  beiag  the  llofffuaa*Siagletoa  graph.  The  paper  alee  givee  conetructive 
lower  bounde  for  /(v)  for  25  ^  ^  300;  iheee  are  found  ueiag  an  algorithm  that  coiubiuee 

hiU*climbiBg  and  backtracking  techaiguee.  For  iaetauce,  at  one  point  a  (C|,C«)«free  graph 
of  order  05  and  eoe  307  wae  found;  adding  an  ieolated  vertex  gave  a  {Ce,C«)*free  graph 
of  order  07  and  eiM  307.  Backtracking  applied  to  thie  graph  yietded  a  (Ca,  CaJ-free  graph 
of  tba  eaine  order  with  403  edgee.  lliU*diiuhiag  from  that  point  reeulied  ia  the  addition  of 
one  more  edge,  giving  a  {C|,C4)*fm  graph  C  of  order  07  aadeitc  404.  Thnc,  /(07)  >  404. 
Further  hitt-duubiag  rearranged  the  adgee  of  C  eo  that  eome  varicx  had  degree  5;  removing 
Uui  vertex  thee  gave  a  {Ca,Ca}*im  graph  of  order  06  and  eUe  308,  tbarahy  improviag 
the  lower  bound  far  /(OO). 
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